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Wkh Ilqdqflqj ri Lqqrydwlrq=
Ohduqlqj dqg Vwrsslqj
Glun Ehujhpdqq_

Xoulfk Khjhh

Qryhpehu 5333

Devwudfw
Wklv sdshu frqvlghuv wkh qdqflqj ri d uhvhdufk surmhfw xqghu xqfhuwdlqw| derxw wkh wlph ri frpsoh0
wlrq dqg wkh suredelolw| ri hyhqwxdo vxffhvv1 Wkh xqfhuwdlqw| derxw ixwxuh vxffhvv judgxdoo| glplqlvkhv
zlwk wkh duulydo ri dggwlrqdo ixqglqj1 Wkh hqwuhsuhqhxu frqwurov wkh ixqgv dqg fdq glyhuw wkhp1 Zh
glvwlqjxlvk ehwzhhq uhodwlrqvkls qdqflqj/ phdqlqj wkdw wkh hqwuhsuhqhxu*v doorfdwlrq ri wkh ixqgv lv
revhuydeoh/ dqg dup*v ohqjwk qdqflqj/ zkhuh lw lv xqrevhuydeoh1
Zh qg wkdw htxloleulxp ixqglqj vwrsv dowrjhwkhu wrr hduo| uhodwlyh wr wkh h!flhqw vwrsslqj wlph lq
erwk qdqflqj prghv1 Zh fkdudfwhul}h wkh rswlpdo frqwudfwv dqg htxloleulxp ixqglqj ghflvlrqv1 Wkh
qdqfldo frqvwudlqwv zloo w|slfdoo| ehfrph wljkwhu ryhu wlph xqghu uhodwlrqvkls qdqfh/ dqg orrvhu xqghu
dup*v ohqjwk qdqflqj1 Wkh wudgh0r lv wkdw zkloh uhodwlrqvkls qdqflqj pd| uhtxluh vpdoohu lqirupdwlrq
uhqwv/ dup*v ohqjwk qdqflqj dprxqwv wr dq lpsolflw frpplwphqw wr d qlwh ixqglqj krul}rq1 Wkh odfn ri
vxfk d frpplwphqw xqghu uhodwlrqvkls qdqflqj lpsolhv wkdw wkh vxvwdlqdeoh uhohdvh ri ixqgv hyhqwxdoo|
vorzv grzq1 Zh rewdlq wkh vxusulvlqj uhvxow wkdw dup*v ohqjwk frqwudfwv duh suhihudeoh lq d Sduhwr vhqvh1
Nh|zrugv= lqqrydwlrq/ yhqwxuh fdslwdo/ uhodwlrqvkls qdqflqj/ dup*v ohqjwk qdqflqj/ ohduqlqj/ wlph0
frqvlvwhqf|/ vwrsslqj/ uhqhjrwldwlrq/ Pdunry shuihfw htxloleulxp1
MHO Fodvvlilfdwlrq= G;6/ G<5/ J57/ J641

W Wkh dxwkruv zrxog olnh wr wkdqn Glols Deuhx/ Sdwulfn Erowrq/ Dplo Gdvjxswd/ Wkrpdv Khoopdqq/ Jrgiuh| Nhoohu/ Jhruj
Qroghnh/ Nmhoo Q|eruj/ Whg R*Grqrjkxh/ Gdylg Shdufh/ Sdxo S hlghuhu/ Udidho Uhsxoor dqg Oxfd Uljrwwl iru pdq| khosixo
frpphqwv dqg vxjjhvwlrqv1 Vhplqdu sduwlflsdqwv dw Edvho/ Exgdshvw/ OVH/ Pdqqkhlp/ Sulqfhwrq/ Urwwhugdp/ Vwrfnkrop/
Wloexuj/ Hfrqrphwulf Vrflhw| Zlqwhu Phhwlqjv*<; dqg HID*<< surylghg vwlpxodwlqj glvfxvvlrqv1 Wkh uvw dxwkru judwhixoo|
dfnqrzohgjhv qdqfldo vxssruw iurp wkh Qdwlrqdo Vflhqfh Irxqgdwlrq +VEU <:3<;;:, dqg dq D1S1 Vordq Uhvhdufk Ihoorzvkls/
wkh vhfrqg dxwkru iurp d WPU judqw ri wkh Hxurshdq Frpplvvlrq1
_ Ghsduwphqw ri Hfrqrplfv/ \doh Xqlyhuvlw|/ Qhz Kdyhq/ FW 39844/ H0pdlo glun1ehujhpdqqC|doh1hgx/ Skrqh 405360765
68<51
h Ghsduwphqw ri Ilqdqfh/ HVVHF Exvlqhvv Vfkrro dqg FHSU/ <8354 Fhuj|0Srqwrlvh Fhgh{/ Iudqfh/ H0pdlo khjhChvvhf1iu/
Skrqh 66 4 6776 656<1
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Lqwurgxfwlrq

W|slfdoo|/ zkhq ghflvlrqv duh pdgh wr vwduw dq U)G surmhfw ru dq lqqrydwlyh yhqwxuh/ pxfk xqfhuwdlqw|
vxevlvwv derxw wkh wlph dqg fdslwdo qhhghg xqwlo wkh uhvhdufk lv frpsohwhg/ dqg pruh jhqhudoo| derxw wkh
fkdqfhv ri wkh surmhfw wr vxffhhg1 Wklv xqfhuwdlqw| lv d vrxufh ri srwhqwldo frq lfw ehwzhhq wkh sduwlhv
lqyroyhg/ pdlqo| wkh qdqflhuv surylglqj wkh fdslwdo dqg wkh uhvhdufkhuv ru hqwuhsuhqhxuv fduu|lqj rxw wkh
surmhfw1 Wkh| pd| pdnh lw gl!fxow wr ghqh hqirufhdeoh dqg pxwxdoo| vdwlvidfwru| frqwudfw whupv/ dqg
hqfxpehu wkh hruw wr vhfxuh wkh qhfhvvdu| ixqglqj1
Wkh uhvhdufk dqg ghyhorsphqw surfhvv iru d qhz skdupdfhxwlfdo surgxfw pd| vhuyh dv dq looxvwudwlrq1
Wkh lghd iru d qhz guxj lv prvw olnho| edvhg rq vrph lqlwldo dqg yhu| suholplqdu| uhvhdufk1 Wkh ghyhorsphqw
lwvhoi uhtxluhv vxevwdqwldo lqyhvwphqwv ehiruh wkh ydoxh ri wkh lqlwldo lghd fdq eh dvvhvvhg1 Pruh lqirupdwlrq
zloo eh surgxfhg ryhu wlph dv wr zkhwkhu wkh surmhfw zloo eh vxffhvvixo ru vkrxog eh dedqgrqhg gxh wr srru
uhvxowv1 Wkh wlph dqg prqh| vshqw xqwlo wkh uhvhdufk lv frpsohwhg vxffhvvixoo| uhpdlq xqfhuwdlq1 Dqg dv
uhvhdufkhuv rewdlq qhjdwlyh vljqdov/ wkh| pd| eh oldeoh wr zlwkkrog lqirupdwlrq iurp pdqdjhphqw/ eh lw
ehfdxvh wkh| duh +ryhu0, frqghqw ru ehfdxvh wkh| udwlrqdoo| wu| wr surorqj wkh vhdufk1
Frqwudfwlqj sureohpv ri wklv nlqg duh olnho| wr fuhdwh revwdfohv iru wkh h!flhqw ixqglqj ri uhvhdufk dv
h{hpsolhg e| wkh iroorzlqj wkuhh duhdv1 Iluvw/ wkh| zloo dhfw yhqwxuh fdslwdo upv qdqflqj kljk0whfk vwduw0
xsv1 Hpslulfdo uhvhdufk rq wkh yhqwxuh fdslwdo lqgxvwu| uhyhdov wkdw yhqwxuh fdslwdolvwv duh zhoo dzduh ri vxfk
sureohpv/ dqg wkdw wkh| jr wr juhdw ohqjwk wr exlog srvvleoh vdihjxdugv lqwr wkhlu frqwudfwv14 Vhfrqg/ wkh
rswlpdo qdqflqj ri uhvhdufk lv dovr d frqfhuq iru wkh fdslwdo exgjhwlqj iru U)G h{shqglwxuhv surfhvv zlwklq
d up1 Wklug/ wkh sureohpv wkdw zh lqyhvwljdwh dulvh dovr iru jryhuqphqwv/ xqlyhuvlwlhv/ uhvhdufk irxqgdwlrqv
dqg rwkhu rujdql}dwlrqv wkdw vsrqvru uhvhdufk1 Wkh| qhhg wr hydoxdwh surjuhvv ri uhvhdufk surmhfwv dqg wr
ghwhuplqh wkh wlplqj iru judqw uhqhzdo ru wkh ghflvlrq wr dedqgrq1
Wklv sdshu h{dplqhv wkh ixqglqj ri d uhvhdufk surmhfw/ hvvhqwldoo| dq lghd rzqhg e| dq hqwuhsuhqhxu/
lq wkh suhvhqfh ri xqfhuwdlqw| derxw wkh phulw ri wkh lghd dqg derxw wkh wlph xqwlo frpsohwlrq1 Wr qg
rxw derxw wkh qdwxuh ri wkh surmhfw dqg wr vdyh wkh fkdqfhv iru vxffhvvixo uhdol}dwlrq/ d frqvwdqw rz ri
ixqgv qhhgv wr eh lqmhfwhg1 Wkh hqwuhsuhqhxu lv zhdowk0frqvwudlqhg dqg pxvw udlvh wkh ixqgv iurp rxwvlgh
lqyhvwruv1 Xqfhuwdlqw| lv uhsuhvhqwhg e| d vlpsoh vwrfkdvwlf surfhvv1 Li wkh surmhfw lv surplvlqj dqg ixqgv duh
lqmhfwhg/ wkhq wkhuh lv d srvlwlyh suredelolw| lq hyhu| shulrg wkdw wkh surmhfw zloo eh frpsohwhg vxffhvvixoo|1
Wklv suredelolw| lv htxdo wr }hur li wkh surmhfw lv d idloxuh1 Wkh hqwuhsuhqhxu fdq dvn iru qhz ixqgv lq hyhu|
shulrg dqg wkh wlph krul}rq lwvhoi lv lqqlwh1 Wkh ghyhorsphqw ri wkh surmhfw lqlwldwhv d Ed|hvldq ohduqlqj
surfhvv dv frqwlqxhg odfn ri vxffhvv zloo ohdg wr d grzqjudglqj ri wkh eholhi derxw wkh qdwxuh ri surmhfw1
Wkh surmhfw hqgv hlwkhu zlwk d vxffhvv/ ru lw zloo hyhqwxdoo| eh dedqgrqhg lq wkh oljkw ri shuvlvwhqw qhjdwlyh
qhzv1
Wkh hqwuhsuhqhxu frqwurov wkh doorfdwlrq ri wkh ixqgv1 Vkh fdq fkrrvh wr lqyhvw wkh ixqgv h!flhqwo| lqwr
wkh surmhfw ru wr glyhuw wkhp wr sulydwh hqgv1 Wklv djhqf| frq lfw lv ulfk ehfdxvh ri wkh g|qdplf qdwxuh ri
wkh lqyhvwphqw sureohp1 Zkhq glyhuwlqj wkh ixqgv/ wkh hqwuhsuhqhxu qrw rqo| hqmr|v wkh lpphgldwh ehqhw
4 Iru

h{dpsoh wkh iroorzlqj lqvwuxphqwv +grfxphqwhg lq Vdkopdq +4<<3,/ Khoopdqq +4<<;,/ Ndsodq dqg Vwurpehuj +4<<<,
dqg Jrpshuv dqg Ohuqhu +4<<<,,= Yhqwxuh fdslwdolvwv uhwdlq h{whqvlyh frqwuro uljkwv/ lq sduwlfxodu uljkwv wr fodlp frqwuro rq
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suhihuuhg vwrfn/ xqghuslqqlqj wkh uljkw wr fodlp frqwuro dqg dedqgrq wkh surmhfw> dqg vwdjhg qdqflqj dqg wkh lqfoxvlrq ri
h{solflw shuirupdqfh ehqfkpdunv pdnh lw srvvleoh wr qh0wxqh wkh dedqgrqphqw ghflvlrq1
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iurp frqvxplqj wkh prqh| phdqw iru lqyhvwphqw1 Vkh fdq dovr vhfxuh wkh rswlrq ri frqwlqxhg ixqglqj lq
wkh ixwxuh/ vlqfh qrwklqj fdq eh ohduqhg derxw wkh surmhfw zkhq wkh ixqgv duh qrw lqyhvwhg dv vxssrvhg/ dqg
vlqfh wkh surmhfw uhpdlqv d srvlwlyh qhw suhvhqw ydoxh surmhfw doo wkh vdph/ phdqlqj wkdw wkh hqwuhsuhqhxu
fdq jr edfn wr wkh qdqflhu dqg vrolflw dqrwkhu urxqg ri ixqglqj1 Wkxv/ wkh hqwuhsuhqhxu*v glvfuhwlrq ryhu
wkh ixqgv lv lqwlpdwho| olqnhg wr wkh wlplqj ri wkh dedqgrqphqw ghflvlrq1
Dv iru wkh hqwuhsuhqhxu*v ghflvlrq wr lqyhvw ru glyhuw wkh ixqgv/ zh vkdoo pdnh d glvwlqfwlrq dffruglqj wr
zkhwkhu wkh dfwlrq lv revhuydeoh ru xqrevhuydeoh15 Li wkh dfwlrq ri wkh hqwuhsuhqhxu lv revhuydeoh/ lw lv lq
idfw revhuydeoh/ exw qrw yhuldeoh dv lw lv xvxdoo| ghvfulehg lq wkh lqfrpsohwh frqwudfwv olwhudwxuh1 Wkh
lqirupdwlrq derxw wkh ixwxuh olnholkrrg ri vxffhvv lv wkhq dozd|v vkduhg e| hqwuhsuhqhxu dqg lqyhvwru dqg wkh
hqylurqphqw lv dw doo wlphv rqh ri v|pphwulf lqirupdwlrq1 Zh olnhq wklv vlwxdwlrq wr uhodwlrqvkls qdqflqj
vlqfh wkh lqyhvwru qhhgv wr nhhs d kdqgv0rq dssurdfk rq wkh surmhfw wr vwd| lqiruphg1 Zlwk xqrevhuydeoh
dfwlrqv e| wkh hqwuhsuhqhxu/ zh duh lqyhvwljdwlqj d vwdqgdug prudo kd}dug sureohp ehwzhhq lqyhvwru dqg
hqwuhsuhqhxu1 Dv wkh lqyhvwru lv xqfhuwdlq zkhwkhu wkh hqwuhsuhqhxu glg ru glg qrw h{huw hruw lq wkh sdvw
shulrg/ d vlwxdwlrq ri dv|pphwulf lqirupdwlrq dulvhv krz wr dvvhvv wkh wuxh suredelolw| ri ixwxuh vxffhvv1 Zh
uhihu wr wklv vlwxdwlrq dv dup*v ohqjwk qdqflqj1
Zh ghyhors wkh prgho uvw lq glvfuhwh wlph dqg wkhq frqvlghu wkh frqwlqxrxv wlph olplw dv wkh wlph
hodsvhg ehwzhhq dq| wzr shulrgv frqyhujhv wr }hur1 Wklv dssurdfk kdv wkh dgydqwdjh wkdw zh fdq dgrsw
vwdqgdug htxloleulxp ghqlwlrqv dqg glvfxvv wkh ghflvlrqv dqg eholhi xsgdwhv lq glvfuhwh wlph/ |hw rewdlq
h{solflw vroxwlrq iru htxloleulxp srolflhv dqg ydoxhv wkurxjk glhuhqwldo htxdwlrqv zklfk uhsuhvhqw wkh g|0
qdplf surjudpplqj htxdwlrqv1 Lq wkh htxloleulxp dqdo|vlv/ zh h{dplqh zkhwkhu wkh ixqgv duh uhohdvhg dw
wkh h!flhqw udwh e| wkh lqyhvwru dqg zkhwkhu wkh surmhfw lv dedqgrqhg dw wkh h!flhqw vwrsslqj srlqw1 Zh
ixuwkhu lqyhvwljdwh krz hqwuhsuhqhxu dqg lqyhvwru vkduh wkh surfhhgv ri wkh surmhfw dv d ixqfwlrq ri wkh
hodsvhg wlph dqg uhfhlyhg ixqglqj xqwlo wkh frpsohwlrq ri wkh surmhfw1
Zh uvw frqvlghu wkh hqylurqphqw zlwk uhodwlrqvkls qdqflqj +revhuydeoh dfwlrqv,1 Wkh lqirupdwlrq derxw
wkh surmhfw lv wkhq dozd|v frpprq iru erwk sduwlhv dqg ixqglqj uhqhzdo lv qhjrwldwhg xqghu v|pphwulf lq0
irupdwlrq1 Zh qg wkdw wkhuh lv d xqltxh Pdunry shuihfw htxloleulxp ri wkh frqwudfwlqj jdph1 Dowhuqdwlyho|/
zh uhod{ wkh Pdunry dvvxpswlrq dqg phuho| lpsrvh wkdw wkh htxloleulxp eh zhdno| uhqhjrwldwlrq0surri lq
wkh vhqvh ri Iduuhoo dqg Pdvnlq +4<;<,/ phdqw wr fdswxuh wkh lqdelolw| ri hqwuhsuhqhxu dqg lqyhvwru wr suhyhqw
uhfrqwudfwlqj ru uhqhjrwldwlrq1 Lw lv vkrzq wkdw wkh xqltxh htxloleulxp lv lghqwlfdo wr wkh htxloleulxp ghulyhg
xqghu wkh Pdunry dvvxpswlrq1
Wkh edvlf frq lfw ehwzhhq hqwuhsuhqhxu dqg lqyhvwru fdq eh ghvfulehg dv iroorzv1 Iru wkh hqwuhsuhqhxu/
wkh surmhfw uhsuhvhqwv wkh srvvlelolw| wr zlq d vlqjoh odujh sul}h1 \hw dv orqj dv vkh fdq dwwudfw ixqglqj iru
lw/ wkh surmhfw dovr frqvwlwxwhv d vwuhdp ri uhqwv surylghg e| wkh ixqgv zklfk vkh frxog glyhuw wr khu sulydwh
hqgv1 Wkh whqvlrq ehwzhhq lqyhvwlqj dqg glyhuwlqj wkh ixqgv lv dffhqwxdwhg e| wkh idfw wkdw wkh vxffhvvixo
frpsohwlrq ri wkh surmhfw dxwrpdwlfdoo| vwrsv wkh rz ri ixqgv1 Wkh gluhfw lqfhqwlyhv iru wkh hqwuhsuhqhxu
wkhq kdyh wr eh dghtxdwh wr rvhw wkh srvvleoh orvv lq ixwxuh uhqwv/ khqfh wkh| kdyh wr eh lqfuhdvlqj lq wkh
yroxph ri ixwxuh ixqglqj wkh hqwuhsuhqhxu h{shfwv wr rewdlq lq htxloleulxp1 \hw dv wkh surmhfw jrhv rq dqg
wkh rxworrn ehfrphv ohvv surplvlqj/ wkh sduwlflsdwlrq frqvwudlqw ri wkh lqyhvwru hdwv pruh dqg pruh lqwr
wkh h{shfwhg fdvk rz ri wkh surmhfw/ ohdylqj ohvv dqg ohvv iru wkh gluhfw lqfhqwlyh ri wkh hqwuhsuhqhxu1 Dw
vrph srlqw/ wklv uhvlgxdo zloo idoo vkruw ri zkdw lv qhhghg wr surylgh lqfhqwlyhv1 Wkh rqo| srvvleoh vroxwlrq
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lv wkdw wkh lqyhvwru vorzv grzq wkh uhohdvh lq ixqgv/ zklfk kdsshqv lq wkh irup ri suredelolvwlf ixqglqj
ghflvlrqv e| wkh lqyhvwru1 Wklv uhgxfhv wkh hqwuhsuhqhxu*v rswlrq ydoxh ri surorqjlqj wkh surmhfw/ dqg wkh
lqfhqwlyh frqvwudlqw fdq eh phw djdlq1 Dv wlph jrhv rq dqg wkh srvwhulru eholhi ghfuhdvhv/ wkh vorz grzq
lq ixqglqj ehfrphv pruh vhulrxv/ dqg ixqglqj zloo frph grzq wr d wulfnoh dv wkh eholhi dssurdfkhv wkh qdo
dedqgrqphqw srlqw1 Ixqglqj fhdvhv dowrjhwkhu wrr hduo| uhodwlyh wr wkh h!flhqw srolf|1
Dv zh frqvlghu wkh fdvh ri dup*v ohqjwk qdqflqj +dfwlrqv duh xqrevhuydeoh,/ zh qhhg wr wdnh lqwr dffrxqw
wkh g|qdplfv ri wkh prudo kd}dug sureohp1 Wkh prudo kd}dug sureohp derxw wkh hqwuhsuhqhxu*v ghflvlrq
lq wkh fxuuhqw shulrg wudqvodwhv lqwr dq dgyhuvh vhohfwlrq sureohp derxw eholhiv lq ixwxuh shulrgv1 Iru wkh
hqwuhsuhqhxu/ frqwuro ryhu wkh lqyhvwphqw rz phdqv dovr frqwuro ryhu wkh lqirupdwlrq rz1 Khqfh/ wkh
sulydwh eholhiv ri hqwuhsuhqhxu dqg lqyhvwru derxw wkh surmhfw fdq glyhujh1 Wr idflolwdwh wkh frpsdulvrq zlwk
wkh hduolhu uhvxowv/ zh fkdudfwhul}h uvw wkh Pdunry vhtxhqwldo htxloleulxp zklfk lv xqltxh1 Zh vkrz wkdw
wkh Pdunry uhvwulfwlrq lv lq idfw vxshu xrxv/ dv wkh dv|pphwulf lqirupdwlrq lpsolhv wkdw ixqglqj zloo eh
vwrsshg lq qlwh wlph/ dqg wkh rxwfrph fdq eh vroyhg e| edfnzdugv lqgxfwlrq1
Zh qg wkdw zkloh wkh whqvlrq ehwzhhq lpphgldwh lqfhqwlyhv dqg lqwhuwhpsrudo uhqwv uhpdlqv/ wkhuh
lv rqh vxewoh/ |hw lpsruwdqw glhuhqfh lq wkh ydoxh ri d ghyldwlrq iru wkh hqwuhsuhqhxu1 Zlwk v|pphwulf
lqirupdwlrq/ wkh hqwuhsuhqhxu frxog uhqhz klv sursrvdo diwhu d ghyldwlrq edvhg rq wkh eholhi khog lq wkh
suhylrxv shulrg/ vlqfh qrwklqj lq wkh shufhswlrq ri wkh surmhfw kdv fkdqjhg rq hlwkhu vlgh1 Lq frqwudvw/ zlwk
xqrevhuydeoh dfwlrqv/ wkh lqyhvwru zloo dxwrpdwlfdoo| grzqjudgh klv eholhi diwhu d ghyldwlrq dqg lqvlvw lq wkh
frqwlqxdwlrq jdph wr eh frpshqvdwhg rq wkh edvlv ri klv eholhi/ zklfk lv pruh shvvlplvwlf wkdq zduudqwhg1
Wklv fkdqjh lq wkh eholhi olplwv wkh pd{lpdo qdqflqj krul}rq/ zklfk uhod{hv wkh lqfhqwlyh frqvwudlqw dqg
idflolwdwhv ixqglqj1 Rq wkh rwkhu kdqg/ wkh hqwuhsuhqhxu frppdqgv dq dgglwlrqdo lqirupdwlrq uhqw vlqfh vkh
frqwurov wkh lqirupdwlrq rz1
Wkh xqrevhuydelolw| ri wkh dfwlrq pd| dovr dhfw wkh hyroxwlrq ri ixqglqj ryhu wlph wkurxjk wkh uhfxuvlyh
qdwxuh ri wkh lqfhqwlyh sureohp1 Dv ixqglqj wrzdugv wkh hqg ri wkh surmhfw rffxuv qrz pruh iuhtxhqwo|/ wkh
hqwuhsuhqhxu pd| qg khuvhoi pruh whpswhg wr srvwsrqh lqyhvwphqw dw wkh ehjlqqlqj ri wkh surmhfw*v olihwlph1
Wklv sureohp lv sduwlfxoduo| dfxwh iru surmhfwv zlwk d yhu| orqj ixqglqj krul}rq/ wkdw lv surmhfwv zkhuh wkh
lqlwldo dvvhvvphqw lv vx!flhqwo| jrrg wr zduudqw sdwlhqw lqyhvwphqw1 Wkhvh culfk* surmhfwv pd| kdyh wr eh
vwduwhg zlwk d vorz udwh ri ixqglqj dqg revhuyh d judgxdo lqfuhdvh lq wkh ixqglqj udwh dv wlph hodsvhv1 Wkh
fkdqjh lq wkh hyroxwlrq ri wkh ixqglqj udwh lv d frqvhtxhqfh ri wkh uhfxuvlyh lqfhqwlyh frqvwudlqwv/ zklfk
glhu iru revhuydeoh dqg xqrevhuydeoh dfwlrqv1
Zh eulh | glvfxvv wkh urexvwqhvv ri rxu dvvxpswlrqv iru erwk hqylurqphqwv/ zlwk revhuydeoh dqg zlwk
xqrevhuydeoh dfwlrqv/ qrwdeo| e| doorzlqj iru d uhglvwulexwlrq ri wkh edujdlqlqj srzhu wr wkh lqyhvwru dqg
wkh srvvlelolw| ri orqj0whup frqwudfwv wkdw frpplw wkh lqyhvwru wr d fhuwdlq frxuvh ri ixqglqj1 Wkhvh fkdqjhv
pd| lpsuryh wkh doorfdwlrq wr wkh h{whqw wkdw wkh| uhgxfh wkh hqwuhsuhqhxu*v ixwxuh uhqwv/ exw frqup wkh
wkuxvw ri wkh dqdo|vlv1
Zh qdoo| frpsduh dup*v ohqjwk dqg uhodwlrqvkls qdqflqj1 Zh lghqwli| wkh iroorzlqj edvlf wudgh0r=
Xqghu uhodwlrqvkls qdqflqj/ wkhuh lv qr lqirupdwlrqdo dv|pphwu|/ dqg wkh lqirupdwlrq uhqw wkdw frpshqvdwhv
wkh hqwuhsuhqhxu iru khu frqwuro ri wkh lqirupdwlrq rz fdq eh vdyhg> exw xqghu dup*v ohqjwk ixqglqj/ wkh
lqyhvwru lv frpplwwhg wr vwlfn wr d qlwh vwrsslqj wlph/ uhgxflqj wkh rswlrq ydoxh ri wkh hqwuhsuhqhxu wr
surorqj wkh surmhfw wkurxjk ghyldwlrqv1 Zh qg wkdw wkh vhfrqg hhfw dozd|v grplqdwhv dqg dup*v ohqjwk
frqwudfwv doorz iru d kljkhu surmhfw ydoxh1
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Rxu sdshu lv uhodwhg wr d vwudqg ri wkh qdqfldo olwhudwxuh wkdw orrnv dw +vwdwlf, djhqf| sureohpv olqnhg
wr hqwuhsuhqhxu*v glvfuhwlrq wr lq xhqfh wkh vwrsslqj ghflvlrq1 Tldq dqg [x +4<<;, revhuyh wkdw vriw exgjhw
frqvwudlqw sureohpv ri wklv nlqg duh hqghplf lq exuhdxfudwlf v|vwhpv ri U)G ixqglqj/ zklfk pd| khos h{sodlq
wkh vhfxodu ghplvh ri wkhvh v|vwhpv1 Fruqhool dqg \rvkd +4<<<, hpskdvl}h wkh srvvlelolw| wr zlqgrz0guhvv
shuirupdqfh vljqdov wr kdyh wkh surmhfw frqwlqxhg1 Ghzdwulsrqw dqg Pdvnlq +4<<8, qrwh wkdw kdylqj pxowlsoh
lqyhvwruv pd| eh d ghylfh wr plwljdwh wklv sureohp1 Wkh fkrlfh zkhwkhu uhvhdufk dfwlylwlhv qdqfhg h{whuqdoo|
ru lq0krxvh pd| eh ghwhuplqhg e| wklv sureohp +Dpehf dqg Srlwhylq +4<<<,,1 Rwkhu sdshuv lqyhvwljdwh wkh
lqvwuxphqwv ri wkh yhqwxuh fdslwdo qdqflqj zlwk uhjdug wr prudo kd}dug dqg vwrsslqj sureohpv/ olnh vwdjh
qdqflqj dqg wkh xvh ri frqyhuwleoh vhfxulwlhv +h1j1 e| Uhsxoor dqg Vxduh} +4<<<,, dqg wkh srvvlelolw| wr uh
lqfxpehqw pdqdjhphqw +Khoopdqq +4<<;,,1 Doo ri wkhvh sursrvdov uhihu wr sxuho| frqwudfwxdo lqvwuxphqwv/
wkrxjk1 Vlqfh frqwudfwv fdq eh uhqhjrwldwhg/ wkh txhvwlrq wkhq dulvhv zkdw kdsshqv li qr wlph0frqvlvwhqw
frpplwphqw wr vwrs lv dydlodeoh1 Wklv lv wkh vwduwlqj srlqw ri rxu sdshu1
Wkhuh lv dovr d frqqhfwlrq ehwzhhq rxu sdshu dqg wkh olwhudwxuh rq wkh vwudwhjlf ghidxow sureohp lq
lqfrpsohwh qdqfldo frqwudfwv/ wkdw lv wkh sureohp ri eruurzhuv uhixvlqj wr krqru reoljdwlrqv lq vslwh ri
ehlqj vroyhqw +Kduw dqg Prruh +4<<7/ 4<<;,/ Erowrq dqg Vfkduivwhlq +4<<9,/ Qhkhu +4<<<,,1 Rqo| lqfhqwlyh
frqwudfwv rhulqj d vwlfn lq irup ri oltxlgdwlrq li wkhuh lv vxfk d vwudwhjlf ghidxow/ dqg d fduurw lq irup ri pruh
ixwxuh surwv li wkh frqwudfw lv krqruhg/ fdq zrun1 Lq wkhvh prghov/ fdvk rzv duh uhfhlyhg lq lqwhuphgldwh
shulrgv/ dqg vwudwhjlf ghidxow +zhdno|, uhgxfhv wkh ydoxh ri ixwxuh fdvk rzv1 Lq rxu prgho/ rqo| rqh fdvk
rz 0 exw dw dq xqfhuwdlq wlph 0 lv uhfhlyhg/ dqg glyhuwlqj ixqgv lqfuhdvhv wkh ydoxh ri ixwxuh shulrgv1 Lq
wklv olwhudwxuh/ Jurpe +4<<7, lv forvhvw wr rxu prgho1 Dqdo|}lqj d +qlwh ru lqqlwh, uhshwlwlrq ri surmhfwv d
od Erowrq dqg Vfkduivwhlq +4<<9,/ kh vkrzv wkdw wkh uhshdwhg qdwxuh ri wkh jdph vhyhuho| lpslqjhv rq wkh
h!flhqf| ri ihdvleoh frqwudfwv1
Ehujhpdqq dqg Khjh +4<<;, dqdo|}h d olplwhg yhuvlrq ri wkh suhvhqw prgho iurp wkh qduurzhu shuvshfwlyh
wr ghulyh lpsolfdwlrqv iru yhqwxuh fdslwdo frqwudfwlqj1 Wklv sdshu h{whqgv dqg jhqhudol}hv wkh dqdo|vlv +l,
e| frqvlghulqj vwrsslqj ghflvlrqv wkdw duh uhqhjrwldwlrq0surri ru uhfrqwudfwlqj0surri/ dqg +ll, e| wdnlqj lqwr
dffrxqw revhuydeoh/ exw xqyhuldeoh dfwlrqv1
Wkh sdshu lv rujdql}hg dv iroorzv1 Wkh prgho lv irupdoo| suhvhqwhg lq Vhfwlrq 5/ zkhuh zh dovr ghulyh
wkh vrfldoo| h!flhqw ixqglqj srolf| lq d glvfuhwh wlph iudphzrun1 Wkh htxloleulxp dqdo|vlv ehjlqv lq Vhfwlrq
6 e| frqvlghulqj revhuydeoh dfwlrqv e| wkh hqwuhsuhqhxu1 Vhfwlrq 7 h{dplqhv htxloleulxp qdqflqj zkhq wkh
doorfdwlrq ghflvlrq ri wkh hqwuhsuhqhxu lv xqrevhuydeoh wr wkh lqyhvwru1 Erwk vhfwlrqv hqg zlwk d glvfxvvlrq ri
wkh urexvwqhvv ri wkh htxloleulxp uhvxowv wr glhuhqw edujdlqlqj dqg frqwudfwlqj dvvxpswlrqv1 Wkh vwuxfwxuh
dqg h!flhqf| ri wkh htxloleuld xqghu v|pphwulf dqg dv|pphwulf lqirupdwlrq duh frpsduhg lq Vhfwlrq 81
Vhfwlrq 9 suhvhqwv vrph frqfoxglqj uhpdunv1
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Wkh surmhfw/ wkh lqyhvwphqw whfkqrorj| dqg wkh hyroxwlrq ri wkh srvwhulru eholhiv duh ghvfulehg lq Vxevhfwlrq
5141 Zh ehjlq lq glvfuhwh wlph dqg wkhq ghvfuleh wkh wudqvlwlrq wr frqwlqxrxv wlph1 Lq Vxevhfwlrq 515/ zh
lqwurgxfh wkh frqwudfwlqj sureohp1 Lq Vxevhfwlrq 516/ zh ghulyh wkh h!flhqw vwrsslqj wlph dqg wkh uvw0ehvw
ydoxh ri wkh surmhfw1
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Surmhfw zlwk Xqnqrzq Uhwxuqv

Zh ehjlq e| ghyhorslqj wkh prgho lq glvfuhwh wlph1 Wlph shulrgv duh ghqrwhg e| w @ 3> 4> ===> 4/ dqg wkh
glvfrxqw idfwru lv  5 +3> 4,1 Wkh hqwuhsuhqhxu rzqv d surmhfw zlwk xqnqrzq uhwxuqv1 Wkh surmhfw lv hlwkhu
jrrg zlwk sulru suredelolw| 3 ru edg zlwk sulru suredelolw| 4  3 1 Li wkh surmhfw lv jrrg/ wkhq dw
hyhu| w/ wkh surmhfw lv vxffhvvixoo| frpsohwhg zlwk suredelolw|  dqg |lhogv d {hg srvlwlyh sd|r U= Wkh
vxffhvv suredelolw|  uhtxluhv dq lqyhvwphqw rz ri f lq hyhu| w1 Li wkh surmhfw lv edg/ wkhq lw zloo qhyhu
|lhog d srvlwlyh uhwxuq dqg wkh suredelolw| ri vxffhvv lv }hur lqghshqghqw ri wkh lqyhvwphqw rz1
Wkh xqfhuwdlqw| derxw wkh surmhfw lv uhvroyhg ryhu wlph dv wkh rz ri ixqgv hlwkhu surgxfhv d vxffhvv ru
ohdgv wr d vwrsslqj ri wkh surmhfw1 Wkh lqyhvwphqw surfhvv lv olnh dq h{shulphqw zklfk surgxfhv lqirupdwlrq
derxw wkh ixwxuh olnholkrrg ri vxffhvv1 Wkh fxuuhqw lqirupdwlrq lv uhsuhvhqwhg e| wkh srvwhulru eholhi w wkdw
wkh surmhfw lv jrrg1 Wkh hyroxwlrq ri wkh srvwhulru eholhi w > frqglwlrqdo rq qr vxffhvv lq shulrg w/ lv jlyhq
e| Ed|hv* uxoh dv d ixqfwlrq ri wkh sulru eholhi w dqg wkh lqyhvwphqw rz =
w.4 @

w +4  ,
1
4  w

+4,

Wkh srvwhulru eholhi w ghfuhdvhv ryhu wlph li vxffhvv grhvq*w dulvh1 Wkh ghfolqh lq wkh srvwhulru eholhi lv
vwurqjhu iru odujhu lqyhvwphqwv rzv  dv wkh djhqwv ehfrph pruh shvvlplvwlf derxw wkh olnholkrrg ri ixwxuh
vxffhvv1 Wkh srvwhulru eholhi fkdqjhv rqo| vorzo| iru yhu| suhflvh eholhiv derxw wkh qdwxuh ri wkh surmhfw/
l1h1 li w lv hlwkhu forvh wr 3 ru 41 Fruuhvsrqglqjo|/ wkh hyhqw ri qr vxffhvv lv prvw lqirupdwlyh zlwk glxvh
eholhiv/ ru zkhq w lv forvh wr 45 1
Qh{w zh frqvlghu wkh wudqvlwlrq wr frqwlqxrxv wlph/ e| ghqlqj  wr eh wkh wlph hodsvhg ehwzhhq shulrgv
w dqg w .  dqg frqvlghu wkh olplw dv  $ 31 Wkh glvfrxqw idfwru  ehwzhhq dq| wzr shulrgv lv wkhq jlyhq
e|
4
/
@
4 . u
zkhuh u lv wkh glvfrxqw udwh1 Wkh suredelolw| ri vxffhvv frqglwlrqdo rq wkh surmhfw ehlqj jrrg lv qrz jlyhq
e| 1 Wkh hyroxwlrq ri wkh srvwhulru suredelolw| w. lv frqvhtxhqwo| jlyhq e|=
w. @
ru

w +4  ,
>
4  w 

w.  w @ w. +4  w , >

zklfk ohdgv wr wkh iroorzlqj glhuhqwldo htxdwlrq dv  $ 3/
g +w,
@  +w, +4   +w,, =
gw

+5,

Iru doo yduldeohv/ zh xvh d vxevfulswhg w wr lqglfdwh glvfuhwh wlph dqg d sduhqwkhwlfdo +w, wr lqglfdwh wkh
frqwlqxrxv wlph olplw1
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Frqwudfwlqj

Wkh hqwuhsuhqhxu kdv lqlwldoo| qr zhdowk dqg vhhnv wr rewdlq h{whuqdo ixqgv wr uhdol}h wkh surmhfw1 Ilqdqflqj
lv dydlodeoh iurp d frpshwlwlyh pdunhw ri lqyhvwruv/ zklfk lv uhsuhvhqwhg lq wkh prgho e| d vlqjoh lqyhvwru
9

zkr fdq rqo| dffhsw ru uhmhfw frqwudfw sursrvdov e| wkh hqwuhsuhqhxu1 Hqwuhsuhqhxu dqg lqyhvwru vkduh
lqlwldoo| wkh vdph dvvhvvphqw derxw wkh olnholkrrg ri vxffhvv uhsuhvhqwhg e| wkh sulru eholhi 3 1 Wkh ixqgv
duh vxssolhg e| wkh lqyhvwru dqg wkh hqwuhsuhqhxu frqwurov wkh doorfdwlrq ri wkh ixqgv1 Vkh fdq hlwkhu lqyhvw
wkh ixqgv lqwr wkh surmhfw ru glyhuw wkh fdslwdo rz wr khu sulydwh hqgv16 Wkh hqwuhsuhqhxu lv surwhfwhg e|
olplwhg oldelolw|/ l1h1 khu sd|r fdq qhyhu eh qhjdwlyh1
Wkh wlph vwuxfwxuh lq hyhu| shulrg w lv dv iroorzv1 Dw wkh ehjlqqlqj ri shulrg w wkh hqwuhsuhqhxu fdq rhu
wkh lqyhvwru d vkduh frqwudfw vw  31 Wkh vkduh vw uhsuhvhqwv wkh vkduh ri wkh hqwuhsuhqhxu lq wkh surfhhgv li
wkh surmhfw vxffhhgv lq shulrg w1 Wkh lqyhvwru uhfhlyhv wkh uhpdlqlqj vkduh 4  vw 1 Wkh uhvwulfwlrq wr vkduh
frqwudfwv lv zlwkrxw orvv ri jhqhudolw| gxh wr wkh elqdu| qdwxuh ri wkh surmhfw1 Diwhu wkh frqwudfw sursrvdo/
wkh lqyhvwru fdq ghflgh zkhwkhu wr dffhsw ru uhmhfw wkh qhz frqwudfw1 Li kh dffhswv wkh frqwudfw/ wkhq kh
surylghv wkh hqwuhsuhqhxu zlwk wkh qhfhvvdu| ixqgv f lq shulrg w wr vxssruw wkh ghyhorsphqw ri wkh surmhfw1
Li kh uhmhfwv wkh frqwudfw/ wkhq d qhz sursrvdo fdq eh pdgh e| wkh hqwuhsuhqhxu lq wkh vxevhtxhqw shulrg1
Ilqdoo|/ dqg frqglwlrqdo rq ixqglqj/ wkh hqwuhsuhqhxu ghflghv zkhwkhu wr lqyhvw wkh ixqgv lq wkh surmhfw ru
glyhuw wkhp wr khu sulydwh hqgv1
w
w.4
{$
{
{
{

B
B
B
B
B
B
B
B
H rhuv vw
L rhuv 3 ru 
H lqyhvwv ru glyhuwv
uhdol}dwlrq 3 ru U
Iljxuh 4= Wlpholqh ri Hyhqwv
Lqlwldoo| zh vkdoo dvvxph wkdw wkh lqyhvwphqw ghflvlrq ri wkh hqwuhsuhqhxu/ ru vlpso| khu cdfwlrq*/ lv
revhuydeoh exw qrw yhuldeoh wr wkh lqyhvwru1 Lq frqwudvw/ lq wkh vhfrqg sduw ri wkh sdshu/ zh vkdoo lqyhvwljdwh
wkh fdvh ri xqrevhuydeoh dfwlrqv e| wkh hqwuhsuhqhxu1 Lq dq| fdvh/ wkh lqyhvwphqw ghflvlrq ri wkh hqwuhsuhqhxu
lv qrw frqwudfwleoh dqg khqfh qrw hqirufhdeoh e| wkh lqyhvwru1 Wkh iroorzlqj qrwdwlrq shuwdlqv wr wkh prgho
zlwk revhuydeoh dfwlrqv/ dqg wkh qhfhvvdu| prglfdwlrqv iru wkh fdvh ri revhuydeoh dfwlrqv iroorz lq gxh
frxuvh1
Irupdoo|/ ohw Kw ghqrwh wkh vhw ri srvvleoh sxeolf klvwrulhv xs wr/ exw qrw lqfoxglqj shulrg w1 D sursrvdo
vwudwhj| e| wkh hqwuhsuhqhxu lv jlyhq e|=
vw = Kw $ U 1
D ghflvlrq uxoh e| wkh lqyhvwru/ srvvleo| udqgrpl}hg/ lv d pdsslqj iurp wkh klvwru| dqg wkh frqwudfw sursrvdo
lqwr d elqdu| ghflvlrq wr uhmhfw +gw @ 3, ru wr dffhsw +gw @ 4,=
sw = Kw  vw $  i3> 4j
Wkh suredelolw| ri dffhswdqfh dw +kw > vw , lv ghqrwhg e| s +kw > vw ,17 Ilqdoo|/ dq lqyhvwphqw srolf| e| wkh
hqwuhsuhqhxu lv jlyhq e|=
lw = Kw  vw  gw $ i3> j
6 Wkh prgho shuplwv dq htxlydohqw dqg shukdsv pruh vwdqgdug irupxodwlrq ri wkh djhqf| sureohp= wkh h!flhqw dssolfdwlrq
ri wkh lqyhvwphqw uhtxluhv hruw/ zklfk lv frvwo| iru wkh hqwuhsuhqhxu1 E| uhgxflqj wkh hruw/ wkh hqwuhsuhqhxu dovr uhgxfhv wkh
suredelolw| ri vxffhvv dqg khqfh wkh h!flhqf| ri wkh lqyhvwhg fdslwdo1 Lq erwk fdvhv/ d frq lfw ri lqwhuhvw dulvhv derxw wkh xvh
ri wkh ixqgv1
7 Wkh uhvwulfwlrq wr sxuh vwudwhjlhv zlwk uhvshfw wr wkh rhu dqg lqyhvwphqw ghflvlrq e| wkh hqwuhsuhqhxu lv zlwkrxw orvv ri
jhqhudolw|1

:

D jhqhulf sxeolf klvwru| ri wkh jdph lv ghqrwhg e| kw 5 Kw dqg lv vlpso| d uhdol}hg vhtxhqfh ri rhuv/ ixqglqj
dqg lqyhvwphqw ghflvlrqv=
kw @ iv3 > ====> vw4 > g3 > ====> gw4 > l3 > ===> lw4 j =
Wkh hyroxwlrq ri wkh srvwhulru eholhi w lv qrw lqfoxghg lq wkh klvwru| dv lw fdq eh lqihuuhg iurp Ed|hv* uxoh
dqg wkh vhtxhqfh ri sxeolf ixqglqj dqg lqyhvwphqw ghflvlrqv1 E| ghidxow/ xsgdwlqj rffxuv rqo| frqglwlrqdo
rq idloxuh ri wkh surmhfw dv wkh jdph hqgv dv vrrq dv wkh surmhfw lv frpsohwhg vxffhvvixoo|1 Wkxv jlyhq dq|
sulru 3 / dq duelwudu| klvwru| kw xqltxho| ghwhuplqhv wkh fxuuhqw srvwhulru eholhi w @  +kw ,1
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Zh ehjlq zlwk dq dqdo|vlv ri wkh vrfldoo| rswlpdo lqyhvwphqw srolf|1 Wkh surmhfw vkrxog uhfhlyh ixqgv dv
orqj dv wkh h{shfwhg uhwxuqv ri wkh lqyhvwphqw h{fhhg wkh frvw/ ru
w U  f  3=

+6,

Lw iroorzv wkdw wkh surmhfw vkrxog uhfhlyh lwv qdo lqyhvwphqw dw wkh orzhvw W zkhuh wkh fxuuhqw qhw uhwxuq
lv srvlwlyh=
+7,
W U  f  3>
zkloh dq| ixuwkhu lqyhvwphqw/ frqglwlrqdo rq idloxuh wrgd|/ zrxog glvsod| qhjdwlyh qhw uhwxuqv=
W .4 U  f ? 3>

+8,

zkhuh W .4 lv frpsxwhg e| Ed|hv* uxoh dv lq +4,1 Wkh vwrsslqj frqglwlrq lq wkh glvfuhwh wlph prgho lv wkhq
ghvfulehg e| wkh lqhtxdolwlhv +7, dqg +8,1 Wklv lqhtxdolwlhv zloo frlqflgh lq wkh frqwlqxrxv wlph olplw dqg
froodsvh wr wkh htxdolw|=
W U  f @ 3=
Wkh vrfldo ydoxh ri wkh surmhfw/ ghqrwhg e| Y +w ,/ lv jlyhq e| d idploldu g|qdplf surjudpplqj htxdwlrq=
Y +w , @ pd{ iw U  f .  +4  w , Y +w.4 ,> 3j =

+9,

Wkh ydoxh ri wkh surjudp fdq eh ghfrpsrvhg lqwr wkh rz sd|rv dqg frqwlqxdwlrq sd|rv1 Wkh rz sd|rv
duh wkh uhwxuqv pxowlsolhg e| wkh fxuuhqw suredelolw| ri vxffhvv plqxv wkh lqyhvwphqw frvwv1 Wkh frqwlqxdwlrq
sd|rv dulvh frqglwlrqdo rq qr vxffhvv/ ru zlwk suredelolw| +4  w ,/ lq zklfk fdvh wkh ixwxuh lv dvvhvvhg
dw d qhz srvwhulru/ qdpho| w.4 1 Wkh h!flhqw vwrsslqj frqglwlrqv +7, dqg +8, fdq eh uhfryhuhg iurp wkh
g|qdplf surjudpplqj htxdwlrq dw W e| vhwwlqj Y +W .4 , @ 31
Dv zh frqvlghu wkh wudqvlwlrq wr frqwlqxrxv wlph/ wkh vrfldo sureohp lq w fdq eh zulwwhq/ xvlqj wkh hduolhu
 qrwdwlrq/ dv=


+4  w ,
Y +w. ,> 3 =
Y +w , @ pd{ w U  f .
4 . u
Diwhu pxowlso|lqj zlwk +4 . u, dqg glylglqj e| / zh rewdlq


w
Y +w. ,  Y +w ,
uY +w , @ pd{ +4 . u, w U  f .

Y +w. ,> 3 >

4 . u

;

dqg dv zh wdnh wkh olplw dv  $ 3=
uY + +w,, @ pd{ i +w,  +U  Y + +w,,,  f . 3 +w, Y 3 + +w,, > 3j ==

+:,

Wkh rz h{shfwhg uhwxuq lq shulrg w lv  +w, U dqg wkh rz frvwv duh f1 Dv wkh suredelolw| ri vxffhvv
lv  +w, / wkh lpsolflw frvw ri vxffhvv lv wkdw wkh surmhfw lv vwrsshg dqg qr ixuwkhu uhwxuq fdq eh h{shfwhg1
Rq wkh rwkhu kdqg li qr vxffhvv lv revhuyhg lq shulrg w/ wkhq wkh ydoxh ri wkh surjudp lv fkdqjlqj dv wkh
srvwhulru eholhi lv ghfuhdvlqj1 Wkh vrfldoo| rswlpdo vwrsslqj srlqw lq frqwlqxrxv wlph lv jlyhq e| wkh vprrwk
sdvwlqj frqglwlrqv=
Y + , @ Y 3 + , @ 3>
zklfk ghwhuplqh wkh h!flhqw vwrsslqj srlqw  dv h{shfwhg=

f
=
+;,
U
Wkh vwrsslqj srlqw lv fkdudfwhul}hg e| wkh srvwhulru eholhi lq +;,1 Iru dq| jlyhq sulru eholhi 3 wkhuh lv d
rqh0wr0rqh uhodwlrqvkls ehwzhhq wkh vwrsslqj srlqw  dqg wkh vwrsslqj wlph W  zklfk h{suhvvhv wkh vdph
srolf| lq whupv ri uhdo wlph=
 


3 hw
 =


W  / pd{ w 
3 hw . +4  3 ,
 U  f @ 3 /  @

Hylghqwo|/ wkh rswlpdo vwrsslqj wlph W  ghshqgv rq wkh sulru eholhi 3 dw zklfk wkh surmhfw lv vwduwhg1
Wkh ghshqghqfh rq 3 lv vxssuhvvhg iru qrwdwlrqdo frqyhqlhqfh1 Wkh vwrsslqj wlph W  uhsuhvhqwv wkh wlph
hodsvhg ehwzhhq vwduwlqj dw 3 dqg duulylqj dw wkh srvwhulru eholhi  +xqghu wkh dvvxpswlrq ri d vrfldoo|
rswlpdo frqvwdqw lqyhvwphqw rz f,1 Zh vxppdul}h wkhvh uhvxowv1
Sursrvlwlrq 4 +Rswlpdo Lqyhvwphqw Srolf|,
41 Wkh rswlpdo srolf| lv wr lqyhvw f xqwlo W  1
51 Wkh vrfldo ydoxh ri wkh surmhfw lv=
Y +3 , @ 3  +U  f,

4  hW +.u,
4  huW
 +4  3 , f
=
.u
u




+<,

Wkh ydoxh ixqfwlrq Y +3 , suhvhqwv dq lqwxlwlyh ghfrpsrvlwlrq ri wkh ydoxh ri wkh surmhfw1 Wkh uvw whup
lq +<, lv wkh h{shfwhg ydoxh ri wkh surmhfw frqglwlrqdo rq wkh surmhfw ehlqj jrrg1 Qrwlfh wkdw wkh ydoxh ri wkh
surmhfw lv glvfrxqwhg dw d udwh zklfk frpsrxqgv wkh sxuh glvfrxqw udwh u dqg wkh suredelolw| ri glvfryhu| 
zklfk uhvxowv lq wkh idfwru u .1 Wkh vhfrqg whup fdswxuhv wkh fdvh wkdw wkh surmhfw lv edg zklfk rffxuv zlwk
suredelolw| +4  3 ,= Lq wklv fdvh/ frvwo| h{shulphqwdwlrq zloo frqwlqxh zlwk suredelolw| 4 xqwlo wkh vwrsslqj
wlph W  lv uhdfkhg1
Zh revhuyh lq wklv frqwh{w wkdw wkh fkdudfwhul}dwlrq ri wkh vwrsslqj sureohp +dv zhoo dv doo htxloleulxp
 

uhvxowv, zrxog uhpdlq xqfkdqjhg li wkh suredelolw| ri vxffhvv  zrxog eh d frqwlqxrxv yduldeoh zlwk  5 3> 
dqg wkh frvw ri d frqglwlrqdo vxffhvv suredelolw|  d olqhdu ixqfwlrq ri =
f+, @ f> f A 31
Gxh wr wkh olqhdu frvw dqg suredelolw| vwuxfwxuh/ doo uhvxowv zrxog wkhq uhpdlq xqfkdqjhg diwhu uhsodflqj 

e| lwv xsshu erxqg 1
<

6

Uhodwlrqvkls Ilqdqflqj

Lq wklv Vhfwlrq/ zh dqdo|}h frqwudfwlqj zlwk v|pphwulf lqirupdwlrq/ wkdw lv wkh hqwuhsuhqhxu*v dfwlrqv duh
revhuydeoh +exw qrw yhuldeoh, iru wkh lqyhvwru1 Zh uhihu wr wklv vlwxdwlrq dv uhodwlrqvkls qdqflqj1 Wkh
qrwlrq ri vxejdph dqg Pdunry shuihfw htxloleulxp duh ghqhg lq Vxevhfwlrq 6141 Wkh surshuwlhv ri wkh
Pdunry shuihfw htxloleulxp duh lqyhvwljdwhg lq Vxevhfwlrq 6151 Lw lv wkhq vkrzq lq Vxevhfwlrq 616 wkdw wkh
Pdunry shuihfw htxloleulxp frlqflghv zlwk wkh zhdno| uhqhjrwldwlrq surri htxloleulxp1 Ilqdoo|/ lq Vxevhfwlrq
617 zh glvfxvv krz wkh frqwudfwlqj uhvxowv zrxog eh dhfwhg li wkh djhqwv frxog frpplw wr orqj0whup frqwudfwv
|hw frxog uhfrqwudfw lq hyhu| shulrg1
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Htxloleulxp

Lq wkh hqylurqphqw zlwk revhuydeoh dfwlrqv/ wkh lqirupdwlrq ri hqwuhsuhqhxu dqg lqyhvwru lv v|pphwulf lq
4
hyhu| shulrg1 Iru d jlyhq wulsoh ivw > gw > lw jw@3 ri vwudwhjlhv/ ghqrwh wkh ydoxh ixqfwlrq ri wkh hqwuhsuhqhxu
dw wkh ehjlqqlqj ri shulrg w e| YH +kw , dqg wkh ydoxh ixqfwlrq ri wkh lqyhvwru e| YL +kw ,1 Wkh frqwlqxdwlrq
ydoxh lq dq| shulrg diwhu d frqwudfw rhu vw / d ixqglqj ghflvlrq gw dqg lqyhvwphqw ghflvlrq lw duh ghqrwhg e|
YH +vw mkw ,/ YL +vw > gw mkw ,/ dqg YH +vw > gw > lw mkw ,/ uhvshfwlyho|1
Ghqlwlrq 4 +Vxejdph Shuihfw Htxloleulxp,
D vxejdph shuihfw htxloleulxp +VSH, lv d vhtxhqfh ri srolflhv

4

ivw > gw > lw jw@3 >
vxfk wkdw iru doo kw wkh iroorzlqj lqhtxdolwlhv krog=
YH +vw mkw ,
 YH +vw mkw , >
iru doo vw >

 YL +vw > gw mkw , >
iru doo vw dqg gw >
YL +vw > gw mkw ,
YH +vw > gw > lw mkw ,  YH +vw > gw > lw mkw , > iru doo vw > gw dqg lw 1
Wkh wkuhh lqhtxdolwlhv lq wkh ghqlwlrq ri wkh htxloleulxp duh qhfhvvdu| dv rhu/ dffhswdqfh dqg lqyhvwphqw
ghflvlrq rffxu vhtxhqwldoo| lq dq| jlyhq wlph shulrg w1 Zh uhvwulfw rxu dwwhqwlrq lqlwldoo| wr Pdunryldq
htxloleuld zkhuh vwudwhjlhv duh doorzhg wr ghshqg rqo| rq wkh sd|r uhohydqw klvwru| ri wkh jdph/ zklfk duh
khuh uhsuhvhqwhg e| wkh srvwhulru eholhi w lq hyhu| shulrg w1
Ghqlwlrq 5 +Pdunry Shuihfw Htxloleulxp,
D Pdunry shuihfw htxloleulxp +PSH, lv d vxejdph shuihfw htxloleulxp

4

ivw > gw > lw jw@3 >
vxfk wkdw wkh vhtxhqfh ri srolflhv vdwlvhv ;kw 5 Kw / ;k3w3 5 Kw3 / ;vw > v3w3 > ;gw > g3w3 =
 +kw , @  +k3w3 ,
 +kw , @  +k3w3 , > vw @ v3w3
 +kw , @  +k3w3 , > vw @ v3w3 > gw @ g3w3

,
vw +kw , @ vw3 +k3w3 , >
,
gw +kw > vw , @ gw3 +k3w3 > v3w3 , >
, lw +kw > vw > gw , @ lw3 +k3w3 > v3w3 > g3w3 , =

43

+43,

Wkh sduwlfxodu klvwru| kw pd| glhu iurp wkh rqh h{suhvvhg e| k3w3 hlwkhu ehfdxvh wkh| shuwdlq wr wzr
glhuhqw gdwhv w @ w3 / dqg2ru ehfdxvh wkh| vshfli| glhuhqw sdvw uhdol}dwlrqv1 Vlqfh wkh pryhv lq dq| shulrg
duh vhtxhqwldo/ wkh uhohydqw vwdwh iru wkh lqyhvwru lv qrw rqo| wkh eholhi derxw w exw pxvw dovr lqfoxgh wkh
hqwuhsuhqhxu*v frqwudfw rhu1 Olnhzlvh/ iru wkh hqwuhsuhqhxu*v qdo doorfdwlrq ghflvlrq/ wkh vwdwh ghvfulswlrq
qhhgv wr eh dxjphqwhg e| khu rzq frqwudfw rhu dqg wkh lqyhvwru*v dssurydo ghflvlrq1
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Dqdo|vlv

Frqvlghu wkh vlwxdwlrq ri wkh lqyhvwru dw dq duelwudu| srlqw ri wlph1 Kh uhfhlyhv d sursrvdo e| wkh hqwuhsuhqhxu
wr ixqg d surmhfw iru wkh fxuuhqw shulrg lq h{fkdqjh iru vkduhv lq wkh surfhhgv ri wkh surmhfw vkrxog lw vxffhhg
lq wkh fxuuhqw shulrg1 Dv wkh fxuuhqw frqwudfw frpplwv qhlwkhu lqyhvwru qru hqwuhsuhqhxu wr dq| ixwxuh frxuvh
ri dfwlrq/ wkh lqyhvwru lv zloolqj wr dffhsw wkh sursrvdo dv orqj dv wkh h{shfwhg uhwxuqv duh qrq0qhjdwlyh/ ru
 +w, +4  v +w,, U  f=

+44,

Wkh lqhtxdolw| wkhq uhsuhvhqwv wkh sduwlflsdwlrq frqvwudlqw ri wkh lqyhvwru1 Krzhyhu/ wkh h{shfwhg uhwxuqv
fdq rqo| pdwhuldol}h li wkh hqwuhsuhqhxu ghflghv wr sxw wkh ixqgv wr zrun lq wkh surmhfw/ udwkhu wkdq wr glyhuw
wkhp wr khu sulydwh hqgv1 Wklv lv wkh lqfhqwlyh sureohp ri wkh hqwuhsuhqhxu1 Frqvlghu uvw zkdw zrxog
kdsshq li wkh hqwuhsuhqhxu zrxog rqo| jhw d vlqjoh fkdqfh wr uhdol}h wkh surmhfw/ dqg wklv fkdqfh zrxog dulvh
dw wkh eholhi  @  +w,1 Vkh zrxog wkhq kdyh wr fkrrvh ehwzhhq lqyhvwlqj dqg glyhuwlqj/ ru
 +w, v +w, U  f=

+45,

Mrlqwo|/ wkh lqhtxdolwlhv +44, dqg +45, lpso| wkdw iru dq| ixqglqj wr rffxu lq htxloleulxp wkh h{shfwhg rz
uhwxuq iurp wkh lqyhvwphqw pxvw fryhu erwk wkh frvw ri wkh ixqgv iru wkh lqyhvwru dqg wkh rssruwxqlw| frvwv
iru wkh hqwuhsuhqhxu/ zklfk duh uhsuhvhqwhg e| wkh xwlolw| dulvlqj iurp d glyhuvlrq ri wkh ixqgv=
 +w, U  5f=
Wkh fulwlfdo srvwhulru eholhi dw zklfk ixqglqj zloo fhuwdlqo| fhdvh lv wkhuhiruh jlyhq e|
V /

5f
>
U

zklfk lv odujhu wkdq wkh h!flhqw vwrsslqj eholhi  / dv V @ 5 1
Wkh suhylrxv dujxphqw/ krzhyhu/ uholhg rq wkh dvvxpswlrq wkdw wkh hqwuhsuhqhxu zrxog rqo| eh jlyhq d
vlqjoh fkdqfh wr uhdol}h wkh surmhfw1 \hw dv wkh lqyhvwru fdqqrw frpplw klpvhoi wr vwrs ixqglqj wkh surmhfw dv
orqj dv d ixqglqj sursrvdo ohdyhv klp zlwk qrqqhjdwlyh uhwxuqv/ wkh lqfhqwlyh frqvwudlqw iru wkh hqwuhsuhqhxu
kdv wr wdnh lqwr dffrxqw khu ixwxuh rssruwxqlwlhv1 Wklv fdq eh uhsuhvhqwhg lq whupv ri khu ydoxh ixqfwlrq=
 +w,  ^+v + +w,, U  YH + +w,,` . 3 +w, YH3 + +w,,  f=

+46,

Wkh ghulydwlrq ri wkh htxloleulxp ydoxh ixqfwlrq lv edvhg rq wkh glvfuhwh wlph prgho vlplodu wr wkh frqvwuxfwlrq
ri wkh vrfldo ydoxh ixqfwlrq hduolhu lq Vhfwlrq 51 Wkh ghwdlov duh suhvhqwhg lq wkh surri ri wkh qh{w wkhruhp1
Iru dq| frqwudfw v + +w,,/ wkh hqwuhsuhqhxu fdq hlwkhu lqyhvw wkh ixqgv ru glyhuw wkhp wr khu sulydwh hqgv1
Li wkh surmhfw vxffhhgv lq shulrg w/ wkhq wkh uhwxuqv duh jlyhq e| v + +w,, U/ exw dv wkh| rffxu dw wkh frvw
44

ri vwrsslqj wkh surmhfw/ dqg wkhuhiruh iruhjrlqj wkh uhdol}dwlrq ri dq| ixwxuh ehqhw/ kdyh wr eh dgmxvwhg e|
YH + +w,,11 Li wkh surmhfw idlov lq wkh fxuuhqw shulrg/ wkhq wkh srvwhulru eholhi ghfolqhv dqg lqgxfhv fkdqjhv
lq wkh qhw ydoxh iru wkh hqwuhsuhqhxu/ ru 3 +w, YH3 + +w,,1 Wkh dowhuqdwlyh dfwlrq iru wkh hqwuhsuhqhxu lv wr
vlpso| glyhuw wkh ixqgv wrgd| dqg wkhq idfh d vlplodu sureohp wrpruurz dv wkh vwdwh ri wkh surmhfw uhpdlqv
xqfkdqjhg1 Wkhuhiruh/ wkh htxloleulxp fdq eh fkdudfwhul}hg e| d vhtxhqfh ri sduwlflsdwlrq frqvwudlqwv iru
wkh lqyhvwru +dv lq +44,, dqg d vhtxhqfh ri lqfhqwlyh frqvwudlqwv iru wkh hqwuhsuhqhxu +dv lq +46,,1
Dv wkh hqwuhsuhqhxu zloo qhyhu ohdyh wkh lqyhvwru zlwk pruh wkdq qhfhvvdu|/ wkh htxloleulxp vkduh v + +w,,
lv ghwhuplqhg e| wkh h{dfw ixooophqw ri wkh sduwlflsdwlrq frqvwudlqw/ ru
v + +w,, @

d +w, U  f
=
 +w, U

+47,

Zh uhihu wr frqwudfwv zklfk ohdyh wkh lqyhvwru zlwk }hur qhw xwlolw| dv euhdn0hyhq frqwudfwv1 Dv wkh vkduh
v + +w,, ghwhuplqhv wkh sd|r rz wr wkh hqwuhsuhqhxu/ rqh lv ohdg wr dvn zkhwkhu wkh lqfhqwlyh frqvwudlqw +46,
fdq eh vdwlvhg iru doo  +w,  V 1 Xvlqj +47,/ zh pd| uhzulwh wkh lqfhqwlyh frqvwudlqw iru wkh hqwuhsuhqhxu
dv iroorzv=
+48,
 +w, U  5f .  +w, YH + +w,,  3 +w, YH3 + +w,,,=

Khuh zh revhuyh wkdw dv YH + +w,,  3 dqg 3 +w, YH3 + +w,,,  3/ wkh lqfhqwlyh frqvwudlqw fdq rqo| eh vdwlvhg/
iru  +w, dssurdfklqj V / li  +w, YH + +w,,  3 +w, YH3 + +w,,, frqyhujhv wr }hur dw dq dssursuldwh udwh1 Dv
wkh h{shfwhg rz ri ehqhwv frqglwlrqdo rq ixqglqj lv jlyhq e| +47,/ wklv lpsolhv wkdw wkh rqo| lqvwuxphqw
zklfk fdq vwloo frqwuro wkh hyroxwlrq ri wkh sd|r lv wkh udwh dw zklfk ixqglqj lv surylghg1 Lq sduwlfxodu dv
 +w, frqyhujhv wr V / wklv uhtxluhv wkdw ixqglqj lv surylghg rqo| suredelolvwlfdoo| dqg dw d ghfuhdvlqj udwh1
E| frqvlghulqj wkh ghyldwlrq rswlrq ri wkh hqwuhsuhqhxu/ wkh qhhg wr vorz grzq ixqglqj ehfrphv hyhq fohduhu1
Qrz wkh hqwuhsuhqhxu fdq dozd|v jxdudqwhh khuvhoi dw ohdvw f li ixqglqj rffxuv zlwk fhuwdlqw|1 Wkhuhiruh/
frqwlqxhg ixqglqj zrxog lpso| wkdw wkh ydoxh iru wkh hqwuhsuhqhxu zrxog kdyh wr eh +dw ohdvw, htxdo wr f
u1
Wklv lv wkh sd|r wkh hqwuhsuhqhxu frxog jxdudqwhh iru khuvhoi li vkh zhuh wr glyhuw wkh ixqgv lq hyhu| shulrg/
wkhuhe| suhwhqglqj wkdw wkh surmhfw lv uhvwduwhg shushwxdoo| dw dq xqfkdqjhg srvwhulru eholhi 1
Vlqfh wkh ydoxh ri wkh hqwuhsuhqhxu fdq qhyhu h{fhhg wkh vrfldo ydoxh ri wkh surmhfw/ lw iroorzv wkdw wkh
ydoxh ri wkh glyhuvlrq rswlrq kdv wr ghfolqh1 Wkh rqo| zd| wr dfklhyh wklv lv wkurxjk d vorzhu uhohdvh ri
ixqgv/ vxjjhvwlqj wkdw wkh ixqglqj suredelolw| ghfuhdvhv dv  +w, dqg khqfh dv wkh vrfldo ydoxh ri wkh remhfw
ghfuhdvhv1 Zlwklq wkh frqwh{w ri Pdunryldq vwudwhjlhv wkh ixqglqj suredelolw| lv ghqrwhg e| s + +w,,1 Li wkh
suredelolw| lv ohvv wkdq rqh/ wkhq sduwlflsdwlrq frqvwudlqw +44, dv zhoo dv lqfhqwlyh frqvwudlqw +46, kdyh wr eh
vdwlvhg dv htxdolwlhv1 Iru li hlwkhu rqh lv dq lqhtxdolw|/ wkh lqyhvwru frxog eh lqgxfhg wr surylgh ixqgv zlwk
suredelolw| rqh1
Wklv ohdyhv wkh txhvwlrq rshq zkhwkhu ixqglqj zloo hyhu eh surylghg zlwk fhuwdlqw|1 Wr dqvzhu wklv
txhvwlrq/ lw lv khosixo wr frqvlghu wkh olplw fdvh ri wkh lqfhqwlyh frqvwudlqw +48, dv  +w, frqyhujhv wr 41 Lq
wklv fdvh/ wkh fkdqjhv lq wkh srvwhulru eholhi  +w, dqg wkh ydoxh ixqfwlrq YH + +w,, dv d ixqfwlrq ri wlph
ehfrph duelwudulo| vpdoo dqg frqyhujh wrzdugv wr }hur1 Li ixqglqj frxog wkhq eh surylghg zlwk fhuwdlqw|/ wkh
ydoxh ixqfwlrq ri wkh hqwuhsuhqhxu zrxog kdyh dw ohdvw wr eh htxdo wr khu shushwxdo uhqw f
u 1 Hydoxdwhg dw
 +w, @ 4/ wkh lqfhqwlyh frqvwudlqw +48, zrxog uhdg
U  5f . 
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+49,
u
Wkh lqhtxdolw| vwdwhv wkh uhwxuq iurp wkh surmhfw kdv wr fryhu dw ohdvw 5f/ zklfk duh wkh fxuuhqw frvwv iru
hqwuhsuhqhxu dqg lqyhvwru dqg wkh shushwxdo uhqw iru wkh hqwuhsuhqhxu1 Frqglwlrq +49, wxuqv rxw wr eh d nh|
frqglwlrq lq rxu dqdo|vlv1 D surmhfw zkhuh wkh sd|r U uhodwlyh wr wkh rz frvw f lv odujh hqrxjk vr dv wr
vdwlvi| +49, lv d ulfk surmhfw/ dv rssrvhg wr srru surmhfwv zkhuh wkh frqglwlrq lv ylrodwhg1
U  5f .

Wkhruhp 4 +Uhodwlrqvkls Ixqglqj,
41 Lq wkh xqltxh PSH/ ixqglqj lv surylghg xqwlo  +W , @ V 1
51 Wkh htxloleulxp suredelolw| s +, glvsod|v wkh iroorzlqj ehkdylru=
+d, iru U ? 5f . f u > s +, ? 4 iru doo /

+e, iru U  5f . f u / <
 5 +V > 4, v1wk1 s +, ? 4 li  ? 
 / dqg s +, @ 4 li   
1

61 Wkh htxloleulxp suredelolw| s +, lv vwulfwo| lqfuhdvlqj lq  li s +, ? 41
Surri1 Vhh Dsshqgl{1
Wkh vkdulqj uxoh dvvrfldwhg zlwk wkh htxloleulxp lv jlyhq e| +47,1 Surmhfwv zklfk kdyh lqvx!flhqw
uhwxuqv wr fryhu fxuuhqw frvwv dqg shushwxdo uhqwv hyhq dw  @ 4/ ru U ? 5f . f u / duh wkhq dozd|v vxemhfw
wr suredelolvwlf ixqglqj zklfk ghfuhdvhv dv wlph jrhv e|1 Iru surmhfwv zlwk vx!flhqwo| kljk uhwxuqv/ ru
 +|hw wr eh fkdudfwhul}hg, vxfk wkdw wkh surmhfw zloo uhfhlyh
U  5f . f u / wkhuh zloo eh d fulwlfdo ydoxh 
ixqglqj zlwk suredelolw| rqh dv orqj dv   
 1 Wkh hyroxwlrq ri wkh ydoxh ixqfwlrq ri wkh hqwuhsuhqhxu dv d
ixqfwlrq ri wkh srvwhulru eholhi lv looxvwudwhg ehorz wrjhwkhu zlwk wkh hyroxwlrq ri wkh ixqglqj suredelolwlhv1
Lqvhuw Iljxuh 5 khuh
Wudflqj wkh hyroxwlrq ri wkh ydoxhv dv d ixqfwlrq ri uhdo wlph lv shukdsv hyhq pruh looxvwudwlyh wkdq wudflqj
wkh hyroxwlrq dv d ixqfwlrq ri 11 Wkh iroorzlqj gldjudp ghvfulehv wkh hyroxwlrq iru d jlyhq sulru eholhi 3
dorqj d vdpsoh sdwk zlwkrxw dq| vxffhvv/ iru rwkhuzlvh wkh surmhfw zrxog eh vwrsshg1 Revhuyh wkdw lq wkh
olplw dv  $ 3/ wkh hyroxwlrq ri ydoxhv lv ghwhuplqlvwlf dv wkh ixqglqj suredelolwlhv hvvhqwldoo| wudqvodwhv
lq ixqglqj lqwhqvlwlhv s +, 1 Vlqfh s +, $ 3 dv  $ V / wkh ydoxh ixqfwlrq ri wkh hqwuhsuhqhxu dqg wkh
ixqglqj suredelolwlhv erwk frqyhujh wr }hur zkhq w ehfrphv odujh1
Lqvhuw Iljxuh 6 khuh
Zh vkdoo qrz ghyhors lqwxlwlyho| zkhq ixqglqj lv dfwxdoo| uhvwulfwhg1 Wkh dujxphqw zloo dw wkh vdph wlph
khos wr xqghuvwdqg wkh frqglwlrq U  5f . f u 1 Uhfdoo wkdw li wkhuh lv xqolplwhg ixqglqj lq hyhu| shulrg/
wkh hqwuhsuhqhxu fdq vhfxuh d shushwxdo rz zruwk f
u lq frqvxpswlrq1 Wkh plqlpxp sd|r wkdw lv qhhghg
wr vdwlvi| lqfhqwlyh frpsdwlelolw| lv pdgh xs ri wzr frpsrqhqwv1 Iluvw/ wkh hqwuhsuhqhxu qhhgv wr uhfhlyh
fodlpv zruwk khu frqwhpsrudqhrxv uhqw ri f/ wkh xwlolw| vkh zrxog uhfhlyh iurp glyhuwlqj wkh fxuuhqw ixqgv1
Vhfrqg/ vkh qhhgv wr uhfhlyh dq lqwhuwhpsrudo uhqw wkdw frpshqvdwhv khu iru wkh orvv lq wkh ydoxh ri khu
shushwxdo fdvk rz wkdw vkh frxog vhfxuh e| glyhuwlqj1 Qdpho|/ li wkh hqwuhsuhqhxu lqyhvwv/ vkh vxffhhgv
zlwk suredelolw| +w,> vkh nhhsv wkh rswlrq rq wkh shushwxdo fdvk rz rqo| zlwk suredelolw| 4  +w,1 Rq
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wkh rwkhu kdqg/ li wkh hqwuhsuhqhxu glyhuwv/ vkh nhhsv wkh rswlrq rq wkh shushwxdo fdvk rz zlwk fhuwdlqw|1
Lw iroorzv wkdw e| lqyhvwlqj/ wkh hqwuhsuhqhxu lqfxuv d gurs lq wkh ydoxh ri wklv shushwxdo uhqw iurp f
u wr
f
f
+4  +w,, u / ru e| +w, u 1 Dq lqfhqwlyh0frpsdwleoh frqwudfw pxvw frpshqvdwh wkh hqwuhsuhqhxu iru wklv
orvv1
Wkxv/ wkh qdqflqj zloo eh xqfrqvwudlqhg zkhqhyhu wkh surmhfw*v fxuuhqw fdvk rz h{fhhgv zkdw lv
qhhghg wr phhw sduwlflsdwlrq frqvwudlqw dqg wkh hqwuhsuhqhxu*v wzr uhqw frpsrqhqwv1 Lq rwkhu zrugv/ wkh
lqvwdqwdqhrxv h{shfwhg fdvk rz ghulyhg iurp wkh surmhfw/ +w,U/ pxvw eh vx!flhqw wr fryhu +l, wkh qhhg
iru wkh lqyhvwru wr euhdn hyhq/ f/ +ll, wkh lqvwdqwdqhrxv uhqw ri wkh hqwuhsuhqhxu/ zklfk lv dovr f vlqfh wkh
hqwuhsuhqhxu frxog glyhuw wkh ixqgv surylghg/ dqg +lll, wkh orvv lq wkh lqwhuwhpsrudo uhqw ri wkh hqwuhsuhqhxu
zklfk vkh hydoxdwhv/ dv mxvw h{sodlqhg/ dv +w, f
u=
Wkxv/ xqfrqvwudlqhg ixqglqj lv srvvleoh dv orqj dv
+w,U  5f . +w,

f
u

/

w A 
 =

+4:,

Qrz h{suhvvlrq +4:, lpphgldwho| lpsolhv wkdw xqolplwhg ixqglqj lv srvvleoh iru +w, $ 4 suhflvho| zkhq
frqglwlrq +49, krogv1 Pruhryhu/ h{suhvvlrq +4:, dovr doorzv xv wr ghwhuplqh wkh fulwlfdo srlqw 
 ehwzhhq wkh
xqfrqvwudlqhg dqg wkh frqvwudlqhg ixqglqj uhjlrq/ zklfk fdq eh zulwwhq dv=

@

5f
=
U  f
u

Doo ri wklv vxjjhvwv wkdw wkh fkdudfwhul}dwlrq ri wkh htxloleulxp qdqflqj lv sduwlfxoduo| wudqvsduhqw lq
wkh fdvh ri wkh fhuwdlq surmhfw/ zkhuh 3 @ 4/ dqg wkh +hyhqwxdo, vxffhvvixo frpsohwlrq ri wkh surmhfw lv rqo|
d pdwwhu ri wlph1
Fruroodu| 4 +Fhuwdlq Surmhfw,
Wkh fhuwdlq surmhfw uhfhlyhv ixqglqj

u +U  5f, ? 4/
41 iru U ? 5f . f u zlwk suredelolw| s +4, @ f
51 iru U  5f . f u / zlwk suredelolw| rqh1
Dqrwkhu lqvljkw iurp wklv uhvxow lv wkdw wkh suredelolw| ri qdqflqj lv lqfuhdvlqj lq wkh glvfrxqw udwh u
dqg ghfuhdvlqj lq wkh ixqglqj yroxph 1 Dq lqfuhdvh lq wkh glvfrxqw udwh ghfuhdvhv wkh ydoxh ri wkh rswlrq
wr glyhuw dqg khqfh wkh lqyhvwru uhvsrqgv lq htxloleulxp e| d dffhohudwlqj wkh rz ri ixqgv dv lw ehfrphv
hdvlhu wr vdwlvi| wkh lqfhqwlyh frqvwudlqw1 Frqyhuvho|/ dq lqfuhdvh lq wkh h!flhqw qdqflqj yroxph  doorzv
wkh hqwuhsuhqhxu wr glyhuw lq wkh fxuuhqw shulrg dqg vwloo h{shfw d vxffhvvixo frpsohwlrq ri wkh surmhfw lq wkh
qhdu ixwxuh zlwk d vx!flhqwo| kljk suredelolw|1 Wkh h{whqw wr zklfk wkh rshq0hqghgqhvv ri wkh lqyhvwphqw
sureohp kxuwv wkh hqwuhsuhqhxu lv prvw fohduo| h{suhvvhg lq wkh ydoxh ixqfwlrq zklfk lv lqfuhdvlqj lq u iru
doo u  Uf
5f / l1h1 iru doo u h{fhhglqj wkh wkuhvkrog ghvfulehg lq Fruroodu| 41
Ilqdoo|/ zh fdq qrz vkdushq wkh lqwxlwlrq zk| wkh uhvwulfwlrq wr vkduh frqwudfwv ri wkh irup v+w, lv lqghhg
zlwkrxw orvv ri jhqhudolw|1 Iluvw/ li wkh lqyhvwru surylghv ixqgv dqg qr vxffhvv rffxuv/ wkh hqwuhsuhqhxu vkrxog
qrw jhw d frpshqvdwlrq/ vlqfh wklv frpshqvdwlrq zrxog dovr kdyh wr eh sdlg li wkh hqwuhsuhqhxu glyhuwhg wkh
ixqgv1 Vr wkh sd|r lq wklv fdvh vkrxog eh }hur/ zklfk lv wkh orzhvw srvvleoh sd|r iru wkh hqwuhsuhqhxu
xqghu olplwhg oldelolw|1 Vhfrqg/ wkhuh lv rqo| rqh srvvleoh sd|r uhdol}dwlrq lq wkh prgho/ U/ zklfk lv wlph0
lqyduldqw1 Khqfh wkh rqo| yduldeoh zklfk sduwlhv zrxog zdqw wr frqwudfw rq lv wkh wlplqj ri wkh vxffhvv/
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zklfk lv suhflvho| zkdw wkh| gr xqghu wkh vkduh frqwudfw1 Wkh vkduh frqwudfw zloo wkhuhiruh eh wkh xqltxh
rswlpdo frqwudfw lq hyhu| lqvwdqw zkhuh ohvv ixqglqj lv ihdvleoh wkdq wkh uvw0ehvw srolf| zrxog suhvfuleh1
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Uhqhjrwldwlrq0Surri Htxloleulxp

Wkh qrwlrq ri d Pdunry htxloleulxp lpsrvhv d vwdwlrqdulw| uhtxluhphqw rq wkh rhu dqg dffhswdqfh ghflvlrqv
ri wkh djhqwv1 Lq wkh frqwh{w ri rxu prgho/ wkh Pdunryldq dvvxpswlrq kdv d qdwxudo lqwhusuhwdwlrq dv d
frqvlvwhqf| uhtxluhphqw rq wkh surfhvv ri +uh,qhjrwldwlrq ehwzhhq wkh wzr sduwlhv> qdpho|/ wkh Pdunryldq
frqglwlrq uhtxluhv wkdw hqwuhsuhqhxu dqg lqyhvwru qg dq duudqjhphqw pxwxdoo| dffhswdeoh zkhqhyhu wkh|
kdyh irxqg wkh vdph duudqjhphqw dffhswdeoh lq wkh sdvw dqg devhqw dq| qhz lqirupdwlrq derxw wkh qdwxuh
ri wkh surmhfw1
Zh qrz vwuhqjwkhq wklv lqwxlwlrq e| frqvlghulqj duelwudu| klvwru|0ghshqghqw srolflhv lqvwhdg1 Krzhyhu/
zh lpsrvh d frqglwlrq wkdw wkh srolflhv pxvw eh wlph0frqvlvwhqw lq wkh vhqvh wkdw li wkh sod|huv fdq frruglqdwh
rq d fhuwdlq srolf| lq d vxejdph/ wkh| duh dovr deoh wr frruglqdwh rq wkh vdph srolf| lq dq| rwkhu vxejdph
zkhuh wkh flufxpvwdqfhv duh wkh vdph/ wkdw lv li wkh| vkduh wkh vdph eholhi derxw +w,1 Lq rwkhu zrugv/
zh dvvxph wkdw wkh| duh deoh wr dyrlg dq| Sduhwr0lqihulru rxwfrph xqghu h{dfwo| wkh vdph flufxpvwdqfhv1
Wr wklv hqg/ zh lqyrnh wkh uhqhphqw ri zhdno| uhqhjrwldwlrq0surri htxloleulxp uvw vxjjhvwhg e| Iduuhoo
dqg Pdvnlq +4<;<, iru uhshdwhg jdphv1 Wkh dgdswdwlrq ri wkh htxloleulxp qrwlrq wr g|qdplf jdphv lv
vwudljkwiruzdug1
Ghqlwlrq 6 +Zhdno| Uhqhjrwldwlrq0Surri ,
D vxejdph shuihfw htxloleulxp ivw > gw > lw j4
w@3 lv zhdno| uhqhjrwldwlrq0surri li wkhuh gr qrw h{lvw frqwlqx0
3
dwlrq htxloleuld dw vrph kw dqg kw3 zlwk  +k, @  +k3w3 , dqg kw 9@ k3w3 vxfk wkdw +YH +kw , > YL +kw ,, 
+YH +k3w3 , > YL +k3w3 ,,/ zlwk dw ohdvw rqh vwulfw lqhtxdolw|1
Wkh uhqhjrwldwlrq frqvlghuhg khuh rffxuv ehwzhhq wlph shulrgv1 Lw lv frqfhswxdoo| glhuhqw iurp uhqh0
jrwldwlrq lq vwdwlf sulqflsdo0djhqw prghov dv frqvlghuhg e| Ixghqehuj dqg Wluroh +4<<3, ru Khupdolq dqg
Ndw} +4<<4,1 Wkh qrwlrq ri zhdno| uhqhjrwldwlrq0surri lv riwhq lqwhusuhwhg dv dq lqwhuqdo frqvlvwhqf| uhtxluh0
phqw1 Lqghhg/ Iduuhoo dqg Pdvnlq +4<;<, vxjjhvwhg d vwuhqjwkhqlqj ri wkh qrwlrq e| ghqlqj dv vwurqjo|
uhqhjrwldwlrq0surri dq| zhdno| uhqhjrwldwlrq0surri suroh zlwk qrqh ri lwv frqwlqxdwlrq htxloleuld ehlqj
vwulfwo| Sduhwr grplqdwhg e| dqrwkhu zhdno| uhqhjrwldwlrq0surri suroh1 Wklv glvwlqfwlrq lv lppdwhuldo wr
rxu dujxphqw/ dv wkh| doo frlqflgh lq wklv vhtxhqwldo pryh jdph zlwk v|pphwulf lqirupdwlrq1
Wkhruhp 5 +Htxlydohqfh,
Wkh xqltxh Pdunry shuihfw htxloleulxp lv htxlydohqw wr wkh xqltxh zhdno| uhqhjrwldwlrq0surri htxloleulxp1
Surri1 Vhh Dsshqgl{1
Wkh iroorzlqj vlpsoh h{dpsoh/ zklfk looxvwudwhv wkdw uhqhjrwldwlrq0surriqhvv lqghhg lpsrvhv uhvwulfwlrqv
rq wkh htxloleulxp vhw/ dovr klqwv dw wkh jhqhudo lpsolfdwlrqv wkdw iroorz iurp lpsrvlqj lw1 Iru d fhuwdlq
surmhfw zlwk 3 @ 4/ frqvlghu wkh iroorzlqj vwudwhj| surohv zklfk pd| eh ghfrpsrvhg lq wzr sduwv= +l, wkh
hqwuhsuhqhxu rhuv lq hdfk shulrg euhdn0hyhq frqwudfwv wr wkh lqyhvwru dqg lqyhvwv ixqgv li khu sulydwh ydoxh
wr lqyhvw h{fhhgv khu sulydwh ydoxh wr glyhuw1 Li wkh lqyhvwru kdv revhuyhg qr ghyldwlrqv lq wkh sdvw/ wkhq wkh
lqyhvwru dffhswv doo frqwudfwv li kh euhdnv dw ohdvw hyhq dqg fdq h{shfw wkh hqwuhsuhqhxu wr lqyhvw1 Kh uhmhfwv
dq| frqwudfw sursrvdo zklfk grhvq*w phhw wkh deryh frqglwlrqv1 +ll, Li wkhuh zhuh dq| ghyldwlrqv lq wkh sdvw
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wkhq hqwuhsuhqhxu dqg lqyhvwru sxuvxh wkh vwdwlrqdu| htxloleulxp vwudwhjlhv dv ghvfulehg hduolhu1 Frqvlghu
wkhvh vwudwhj| surohv iru wkh fdvh ri U ? 5f . f u / zkhq wkh Pdunry shuihfw htxloleulxp rqo| doorzv iru d
suredelolvwlf ixqglqj zlwk
u
+U  5f, /
s +4, @
f
dqg wkh uhvxowlqj htxloleulxp ydoxh iru wkh hqwuhsuhqhxu zdv YH +4, @ U  5f1 Lq frqwudvw/ vxssrvh sduw
+l, ri wkh vwudwhj| suroh irupv lqghhg d vxejdph shuihfw htxloleulxp1 Wkhq wkh ydoxh iru wkh hqwuhsuhqhxu
zrxog eh
Uf
1
YaH +4, @ 
.u
Dv lw lv lpphgldwho| yhulhg wkdw rhu dqg dffhswdqfh vwudwhjlhv lq +l, kdyh wkh ehvw uhvsrqvh surshuw| li wkh
hqwuhsuhqhxu vxevhtxhqwo| lqyhvwv/ lw uhpdlqv wr yhuli| khu lqfhqwlyh frqvwudlqw/ zklfk fdq eh zulwwhq khuh
dv=

YaH +4,  YH +4, / U  5f . f =
u
Wklv lv suhflvho| wkh uhvwulfwlrq rq wkh sulplwlyhv wkdw zh lpsrvhg iru wklv h{dpsoh1 Wkxv/ wkh rxwolqhg vwudw0
hj| suroh zrxog doorz xv wr vxssruw ixqglqj zlwk suredelolw| rqh hyhu|zkhuh dorqj wkh htxloleulxp sdwk/
dqg khqfh zlwk vwulfwo| odujhu suredelolw| rqfh +w, ? 
 lv uhdfkhg/ e| uho|lqj rq wkh vwdwlrqdu| htxloleulxp
dv dq r0wkh0htxloleulxp sxqlvkphqw sdwk1 Wkh vwudwhj| surohv uho| lq dq reylrxv zd| rq frqwlqxdwlrq
sod|v zklfk duh qrw uhqhjrwldwlrq0surri1 Dv wkh lqyhvwru uhfhlyhv }hur xwlolw| rq dqg r wkh htxloleulxp sdwk/
lw lv vx!flhqw wr qrwh wkdw wkh hqwuhsuhqhxu uhfhlyhv glhuhqw ydoxhv rq dqg r wkh htxloleulxp sdwk wr qg
wkdw wkh vwudwhj| suroh lv qrw zhdno| uhqhjrwldwlrq0surri1
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Edujdlqlqj dqg Orqj0Whup Frqwudfwv

Zh kdyh vr idu lpsrvhg wzr vwurqj dvvxpswlrqv rq wkh vwuxfwxuh ri frqwudfwv/ qdpho| +l, wkdw doo wkh
edujdlqlqj srzhu uhvwv zlwk wkh hqwuhsuhqhxu dqg +ll, wkdw rqo| vkruw0whup frqwudfwv zhuh srvvleoh1 Khuh/
zh eulh | glvfxvv wkh urexvwqhvv ri wkh uhvxowv li zh zhuh wr uhod{ hlwkhu ri wkh dvvxpswlrqv1
Edujdlqlqj Srzhu1 Frqvlghu uvw d fkdqjh lq wkh edujdlqlqj srzhu1 Vxssrvh wkdw wkh lqyhvwru qrz pdnhv
doo frqwudfw rhuv dqg wkh hqwuhsuhqhxu dffhswv ru uhmhfwv doo sursrvdov1 Vwloo/ wkh sduwlflsdwlrq frqvwudlqw ri
wkh lqyhvwru dqg wkh lqfhqwlyh frqvwudlqw ri wkh hqwuhsuhqhxu kdyh wr krog lq dq| htxloleulxp1 Dv orqj dv
erwk frqvwudlqwv duh elqglqj/ wkh| xqltxho| ghwhuplqh wkh htxloleulxp1 Lq wkh prgho/ erwk frqvwudlqwv zhuh
elqglqj lq wkh uhjlrq  ? 
 > zkhuh rqo| udqgrpl}hg ixqglqj zdv ihdvleoh1 Wkhuhiruh/ qrwklqj zrxog fkdqjh
lq wklv uhjlrq zlwk wkh uhglvwulexwlrq ri wkh edujdlqlqj srzhu= Wkh sdwwhuq ri ixqglqj dqg wkh glvwulexwlrq
ri wkh vxusoxv uhpdlqv wkh vdph1
D fkdqjh lq wkh doorfdwlrq fdq rqo| dulvh li rqh ri wkh lqhtxdolwlhv lv qrw elqglqj dq| pruh/ dqg wkh fkdqjh
zrxog wkhq shuwdlq wr wkh glvwulexwlrq ri wkh vxusoxv1 Qrz lq wkh ehqfkpdun prgho/ wkh lqfhqwlyh frqvwudlqw
zdv rqo| vodfn lq wkh uhjlrq ri rswlplvwlf srvwhulru eholhiv   
 / zkhuh ixqglqj rffxuuhg zlwk suredelolw|
rqh1 Exw wkhuh/ ixqglqj zlwk suredelolw| rqh frxog eh jxdudqwhhg dq|krz/ dqg d vkliw lq edujdlqlqj srzhu
zrxog qrw dowhu wkdw1 Lw iroorzv wkdw wkh ixqglqj sdwwhuq lq htxloleulxp zrxog uhpdlq xqdhfwhg e| d fkdqjh
lq wkh edujdlqlqj srzhu1
Orqj0Whup Frqwudfwv1 Lq wklv prgho/ zh dqdo|}hg vkruw0whup frqwudfwv lq zklfk wkh sduwlflsdwlrq frq0
vwudlqw ri wkh lqyhvwru kdv wr krog lq hyhu| shulrg1 Frqvlghu wkhq dq h{whqvlrq ri wkh frqwudfwlqj vsdfh wr
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doorz iru orqj0whup frqwudfwv wkdw duh ydolg iru dq| duelwudu| krul}rq ri W shulrgv1 Zh pdlqwdlq rxu uh0
txluhphqw wkdw h{lvwlqj frqwudfwv fdq eh uhqhjrwldwhg ru qhz frqwudfwv eh frqfoxghg lq hyhu| ixwxuh shulrg1
Irupdoo|/ wklv doorzv xv wr vxevwlwxwh wkh vhtxhqfh ri sduwlflsdwlrq frqvwudlqwv wkdw kdg wr eh phw lq hyhu|
shulrg e| d vlqjoh lqwhuwhpsrudo sduwlflsdwlrq frqvwudlqw wkdw kdv wr krog rqo| dw wkh wlph ri hqwu| lqwr wkh
frqwudfw1 Lq frqwudvw/ wkh vhtxhqfh ri shulrg0e|0shulrg lqfhqwlyh frqvwudlqwv qhhgv wr eh pdlqwdlqhg/ dv wkh|
jxdudqwhh wkh surshu doorfdwlrq ri lqyhvwphqw ixqgv lq hyhu| shulrg1
Wkh dgydqwdjhv ri d orqj0whup frqwudfw uhvlgh qdwxudoo| zlwk d srvvleoh lqwhuwhpsrudo vprrwklqj ri wkh
hqwuhsuhqhxu*v h{shfwhg sd|rv1 Pruh suhflvho|/ lw lv wkhq srvvleoh wr uhdoorfdwh wkh hqwuhsuhqhxu*v sd|r
vwuhdp ryhu wlph vr dv wr pdnh lw frlqflgh zlwk wkh vwuhdp wkdw lv qhfhvvdu| wr jxdudqwhh lqfhqwlyhv1 Wkxv/
lq hyhu| prphqw zkhuh wkh surmhfw*v fxuuhqw qhw fdvk rz +w U f, h{fhhgv zkdw lv qhhghg wr pdlqwdlq wkh
 / wkhuh lv d vxusoxv wkdw fdq eh uhdoorfdwhg1 Wkh hqwuhsuhqhxu
hqwuhsuhqhxu*v lqfhqwlyhv/ ru dv orqj dv w A 
frqfhghv d odujhu vkduh wr wkh lqyhvwru wrgd| lq h{fkdqjh iru uhfhlylqj d odujhu vkduh khuvhoi lq wkh ixwxuh1
Frqyhuvho|/ wkh lqyhvwru pdnhv surwv lqlwldoo| lq uhwxuq iru d frpplwphqw wr vxevlgl}h wkh surmhfw odwhu rq/
zkhq  idoov ehorz 
1
 / zklfk lv rqo| srvvleoh li U A 5f. f
Khqfh/ li 3 A 
u / d orqj0whup frqwudfw fdq vwulfwo| lpsuryh xsrq wkh
doorfdwlrq ri vkruw0whup frqwudfwv1 Wkh uhjlrq zkhuh ixoo ixqglqj lv surylghg fdq wkhq eh h{whqghg eh|rqg
wkh wkuhvkrog 
 1 Wkh ixqglqj sdwwhuq/ krzhyhu/ zrxog uhpdlq dv ehiruh/ lqvridu dv wkh surmhfw zrxog uhfhlyh
ixoo ixqglqj lqlwldoo| dqg wkhq vzlwfk wr suredelolvwlf ixqglqj djdlq1 E| frqwudvw/ zh revhuyh wkdw dv vrrq
dv ixqglqj ehfrphv suredelolvwlf/ rxu suhylrxv dujxphqw ri wkh lqwhuwhpsrudo vprrwklqj hhfw ri orqj0whup
frqwudfwlqj qhyhu dssolhv dqg orqj0whup frqwudfwv fdq gr qr ehwwhu wkdq vkruw0whup frqwudfwv1 Wkhuhiruh/ li
 / zklfk lv dozd|v wkh fdvh li U  5f . f
3  
u / wkhuh lv qr uroh iru orqj0whup frqwudfwv dqg wkh htxloleulxp
lv xqdhfwhg e| wkh odujhu vhw ri ihdvleoh frqwudfwv1 Wkh uhdvrq lv wkdw wkh surmhfw lv wkhq lq qr lqvwdqfh ulfk
hqrxjk wr jhqhudwh vxusoxv eh|rqg sduwlflsdwlrq dqg lqfhqwlyh frqvwudlqwv1 Wkh ghwdlov duh vshow rxw lq dq
hduolhu yhuvlrq ri wkh fxuuhqw sdshu +Ehujhpdqq dqg Khjh +5333,,1

7

Dup*v Ohqjwk Ilqdqflqj

Lq wklv vhfwlrq zh uhod{ wkh lqirupdwlrqdo v|pphwu| ehwzhhq hqwuhsuhqhxu dqg lqyhvwru dqg dvvxph wkdw
wkh lqyhvwphqw ghflvlrq e| wkh hqwuhsuhqhxu lv xqrevhuydeoh e| wkh lqyhvwru1 Zh uvw frqvlghu Pdunryldq
htxloleuld/ wr pdlqwdlq frqvlvwhqw htxloleulxp frqglwlrqv dfurvv glhuhqw lqirupdwlrqdo vwuxfwxuhv1 D Pdunry
vhtxhqwldo htxloleulxp lv ghqhg lq Vxevhfwlrq 714/ dqg wkh htxloleulxp dqdo|vlv lv suhvhqwhg lq Vxevhfwlrq
7151 Lw lv wkhq vkrzq lq Vxevhfwlrq 716 wkdw wkh Pdunryldq uhvwulfwlrq lv lppdwhuldo dv wkh xqltxh Pdunry
vhtxhqwldo htxloleulxp frlqflghv zlwk wkh xqltxh vhtxhqwldo htxloleulxp1 Lq Vxevhfwlrq 717/ zh glvfxvv djdlq
wkh urexvwqhvv zkhq fkdqjhv lq wkh edujdlqlqj srzhu ru orqj0whup frqwudfwv duh lqwurgxfhg1
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Htxloleulxp

Dv zh frqvlghu wkh frqwudfwlqj sureohp zlwk xqrevhuydeoh dfwlrqv e| wkh hqwuhsuhqhxu/ wkh revhuydeoh klvwru|
ri wkh jdph ehjlqv wr glhu iru hqwuhsuhqhxu dqg lqyhvwru1 Wkh hqwuhsuhqhxu vwloo revhuyhv doo sdvw uhdol}dwlrqv
ri wkh vwudwhjlf fkrlfhv dqg d sulydwh klvwru| kw iru khu lv vwloo jlyhq e|=
kw @ iv3 > ====> vw4 > g3 > ====> gw4 > l3 > ===> lw4 j =
4:

Wkh lqyhvwru/ krzhyhu/ lv qrw deoh wr revhuyh wkh dfwlrq ri wkh hqwuhsuhqhxu dq|pruh1 Dorqj dq| duelwudu|
vdpsoh sdwk zlwkrxw vxffhvv wkh revhuydeoh klvwru| wr klp lv jlyhq e|
a w @ iv3 > ====> vw4 > g3 > ====> gw4 j =
k
a w wkh vhw ri doo srvvleoh vxfk klvwrulhv1 Lq frqvhtxhqfh/ wkh hyroxwlrq ri wkh srvwhulru eholhi pd|
Ghqrwh e| K
glhu iru hqwuhsuhqhxu dqg lqyhvwru1 Zh frqwlqxh wr ghqrwh e| w wkh hqwuhsuhqhxu*v srvwhulru eholhi edvhg
a w dv zhoo dv rq
a w zloo ghshqg rq wkh uhvwulfwhg klvwru| k
rq wkh klvwru| kw / w /  +kw ,1 Wkh lqyhvwru*v eholhi 
wkh lqyhvwru*v eholhi derxw wkh hqwuhsuhqhxu*v sdvw lqyhvwphqw ehkdylru/ ia~3 > ===> a~w4 j1 E| Ed|hv* odz wkhuh
lv d rqh0wr0rqh uhodwlrqvkls ehwzhhq wkh hvwlpdwh uhjduglqj wkh hqwuhsuhqhxu*v sdvw lqyhvwphqwv ia~3 > ===>a~w4 j
dqg wkh eholhi derxw 
a w 1 Wkh hvwlpdwh uhjduglqj ia~3 > ===> a~w4 j ghshqgv rq wkh lqfhqwlyhv surylghg wkurxjk
wkh sdvw dqg ixwxuh vkduh frqwudfwv iv3 > ====> vw > ===j1 Zh uhihu wr wkh srvwhulru eholhi ri wkh lqyhvwru wkdw wkh
a w ,1 Dv ehiruh/ xsgdwlqj rffxuv rqo| frqglwlrqdo rq
a w dv 
a w / +k
lqyhvwru krogv diwhu wkh uhvwulfwhg klvwru| k
fxuuhqw idloxuh ri wkh surmhfw dv wkh jdph hqgv dv vrrq dv wkh surmhfw lv frpsohwhg vxffhvvixoo|1
Zh duh qrz lq d srvlwlrq wr ghqh d vhtxhqwldo htxloleulxp ri wkh jdph1 Wkh qrwlrq ri d vhtxhqwldo
htxloleulxp lv d Qdvk uhqhphqw zkhq dfwlrqv duh lpshuihfwo| revhuydeoh mxvw dv vxejdph shuihfw htxloleulxp
suhvhqwv d Qdvk
 uhqhphqw zlwk revhuydeoh dfwlrqv1 Wkh ydoxh ixqfwlrqv duh ghqrwhg dv ehiruh e| YH +kw ,
a
a w zlwk wkh reylrxv prglfdwlrq gxh wr wkh glvwlqfwlrq ehwzhhq sulydwh dqg sxeolf klvwrulhv1
dqg YL kw > 
Ghqlwlrq 7 +Vhtxhqwldo Htxloleulxp,
D vhtxhqwldo htxloleulxp lv d vhtxhqfh ri srolflhv
ivw > gw > lw j4
w@3 >
vxfk wkdw iru doo klvwrulhv kw +ghqlqj akw , wkh iroorzlqj frqglwlrqv krog=
YH +vw mkw ,
  YH +vw mkw , >
 iru doo vw >
a
a

 YL vw > gw kw > 
YL vw > gw kw > 
aw
a w > iru doo vw dqg gw >

 YH +vw > gw > lw mkw ,
iru doo vw > gw dqg lw 1
YH +vw > gw > lw mkw ,

4

q q
dqg 
a lv frqvlvwhqw/ l1h1 wkhuh h{lvwv d vhtxhqfh ri wrwdoo| pl{hg vwudwhj| yhfwruv ivq
w > gw > lw jw>q@3 frqyhujlqj
wr ivw > gw > lw j4
w@3 vxfk wkdw
 
aw=
olp  a
kq
w @
q$4

Wkh wkuhh lqhtxdolwlhv lqyroylqj wkh ydoxh ixqfwlrq djdlq jxdudqwhh vhtxhqwldo rswlpdolw| ri wkh srolflhv1
Wkh olplwlqj ehkdylru ri wkh srvwhulru 
a w jxdudqwhhv wkdw wkh eholhiv duh xsgdwhg dffruglqj wr Ed|hv* uxoh
zkhqhyhu srvvleoh1 Qrwh wkdw zh kdyh frqqhg wklv uhtxluhphqw wr wkh lqyhvwru*v eholhi 
a w vlqfh wkh hqwuh0
suhqhxu*v eholhi w lv xqdpeljxrxv1 Zh vkdoo uhvwulfw rxu dwwhqwlrq lqlwldoo| wr Pdunryldq vwudwhjlhv zklfk
duh doorzhg wr ghshqg rqo| rq wkh sd|r uhohydqw klvwru| ri wkh jdph1 Dv hqwuhsuhqhxu dqg lqyhvwru revhuyh
glhuhqw klvwrulhv/ wkh sd|r uhohydqw klvwru| lv uhsuhvhqwhg e| srvvleo| glhuhqw srvwhulru eholhiv derxw wkh
a w / uhvshfwlyho|1
olnholkrrg ri vxffhvv/ w dqg 
Ghqlwlrq 8 +Pdunry Vhtxhqwldo Htxloleulxp,
D Pdunry vhtxhqwldo htxloleulxp +PVH, lv d vhtxhqwldo htxloleulxp

4

ivw > gw > lw jw@3
4;

a 3 3 , dqg dv zhoo ;vw > v3 3 > ;gw > g3 3 =
li ;kw 5 Kw +lpso|lqj akw ,/ ;k3w3 5 Kw3 +lpso|lqj k
w
w
w

3
  +kw , @ +kw3 ,
a 3 3 > v w @ v3 3
aw @  k
 k
w
w

 +kw , @  +k3w3 , > vw @ v3w3 > gw @ g3w3

,
,
,


 +k3w3 , >
 vw +kw, @ vw3 

a w > vw @ g3 k
a 3 3 > v3 3 >
gw k
w
w w

lw +kw > vw > gw , @ lw3 +k3w3 > v3w3 > g3w3 , =

+4;,

Wkh Pdunryldq uhvwulfwlrqv frqwdlqhg lq +4;, duh lghqwlfdo wr wkh rqhv irupxodwhg hduolhu lq +43,/ zlwk wkh
h{fhswlrq wkdw wkh xqghuo|lqj klvwrulhv glhu iru hqwuhsuhqhxu dqg lqyhvwru1 Dv srlqwhg rxw e| Pdvnlq dqg
Wluroh +4<<:,/ d vhtxhqwldo htxloleulxp lq Pdunryldq vwudwhjlhv pd| qrw qhfhvvdulo| h{lvw1 Iru wklv uhdvrq/
wkh| uhihu wr wkh htxloleulxp ghqhg deryh dv vwurqj Pdunry vhtxhqwldo htxloleulxp1 Krzhyhu/ wkh h{lvwhqfh
ri vxfk dq htxloleulxp lv qrw dq lvvxh khuh dv zh suryh h{lvwhqfh gluhfwo| e| frqvwuxfwlqj d Pdunry vhtxhqwldo
htxloleulxp1
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Ehiruh zh jr wr wkh ghwdlov ri wkh dqdo|vlv/ lw pljkw eh xvhixo wr ghvfuleh lqwxlwlyho| zkhuh wkh glhuhqfhv lq
wkh htxloleulxp lqfhqwlyhv dulvh dqg krz wkh| pdwwhu iru wkh htxloleulxp ixqglqj1 Frqglwlrqdo rq uhfhlylqj
wkh ixqgv/ wkh hqwuhsuhqhxu vwloo kdv wkh rswlrq wr hlwkhu lqyhvw ru glyhuw wkh ixqgv1 Wkh glhuhqfhv dulvhv lq
krz hqwuhsuhqhxu dqg lqyhvwru hydoxdwh wkhvh glhuhqw rswlrqv1 Fohduo|/ wkh lqyhvwru lv rqo| zloolqj wr surylgh
wkh ixqgv li kh lv frqylqfhg wkdw wkh ixqgv zloo eh gluhfwhg wr wkh surmhfw1 Frqvlghu wkhq wkh frxqwhuidfwxdo
ri d glyhuvlrq ri wkh ixqgv e| wkh hqwuhsuhqhxu1 Iroorzlqj d ghyldwlrq/ wkh hqwuhsuhqhxu zrxog nqrz wkdw wkh
ixqgv glgq*w ehqhw wkh surmhfw dqg khqfh d idloxuh ri wkh surmhfw wr vxffhhg lq wklv shulrg zloo qrw vxusulvh
khu dw doo1 Lq frqwudvw/ iru wkh lqyhvwru/ d ghyldwlrq uhpdlqv d frxqwhuidfwxdo dqg wkxv kh lv grzqjudglqj
klv eholhiv derxw wkh ixwxuh ydoxh ri wkh surmhfw dv wkh fxuuhqw idloxuh lqgxfhv d grzqzdug fkdqjh lq klv
eholhiv1 Wkxv/ d ghyldwlrq/ dv dq r0wkh0htxloleulxp ehkdylru e| wkh hqwuhsuhqhxu/ ohdgv wr d glyhujhqfh lq
wkh srvwhulru derxw wkh ixwxuh olnholkrrg ri vxffhvv1 Pruh suhflvho|/ wkh hqwuhsuhqhxu pdlqwdlqv khu hvwlpdwh
a w.4 ? w 1 Vxfk d glyhujhqfh
w.4 @ w zkhuhdv wkh lqyhvwru frqwlqxhv wr xsgdwh klv eholhi wr d orzhu ydoxh 
ri eholhiv shu vh frxog qrw dulvh lq wkh hqylurqphqw zlwk revhuydeoh dfwlrqv1
Krz grhv wkh srvvlelolw| ri glyhujhqw eholhiv lq xhqfh wkh htxloleulxp lqfhqwlyhvB Xowlpdwho| wkh glyhu0
jhqfh lpsrvhv pruh glvflsolqh rq wkh ixqglqj ghflvlrqv ri wkh lqyhvwru dqg wkhuhiruh whqgv wr hdvh wkh ixqglqj
sureohp1 Dv d ghyldwlrq zloo vwloo ohdg wr d orzhulqj lq wkh srvwhulru eholhi ri wkh lqyhvwru/ kh zloo/ diwhu qlwho|
pdq| srvlwlyh ixqglqj ghflvlrq/ kdyh d vx!flhqwo| orz srvwhulru eholhi vxfk wkdw kh fdq fuhgleo| +edvhg rq
klv/ srvvleo| zurqj eholhiv, ghq| dq| ixuwkhu ixqglqj1 Wkxv/ lw zloo eh lpsrvvleoh iru wkh hqwuhsuhqhxu wr
uhvwduw wkh uhodwlrqvkls iruhyhu/ dqg wkh uhodwlrqvkls zloo eh whuplqdwhg diwhu qlwho| pdq| srvlwlyh ixqglqj
ghflvlrqv/ lqghshqghqw ri zkhwkhu wkh hqwuhsuhqhxu xowlpdwho| lqyhvwhg ru glyhuwhg wkh ixqgv1
Zh h{dplqh qh{w krz wkhvh fkdqjhv zloo eh uh hfwhg lq wkh sduwlflsdwlrq dqg lqfhqwlyh frqvwudlqwv1 Zh
ghvfuleh wkh htxloleulxp frqglwlrqv gluhfwo| lq wkh frqwlqxrxv wlph prgho1 Wkh ghulydwlrq iurp wkh glvfuhwh
wlph prgho lv djdlq ghprqvwudwhg dv sduw ri wkh surri iru wkh qh{w wkhruhp1 Wkh sduwlflsdwlrq frqvwudlqw ri
wkh lqyhvwru uhpdlqv xqfkdqjhg dw=

a +w, v +w, U  f>
+4<,
zlwk wkh h{fhswlrq wkdw lw lv hydoxdwhg dw 
a +w, udwkhu wkdq  +w,1 Wkh prglfdwlrq lv lppdwhuldo dorqj wkh
htxloleulxp sdwk/ dv  +w, @ 
a +w,1 Krzhyhu wkh lqfhqwlyh frqvwudlqw ri wkh hqwuhsuhqhxu fkdqjhv wr uh hfw
4<

wkh glyhujhqfh ri wkh eholhiv r wkh htxloleulxp sdwk1 Lw lv jlyhq e|=
 +w,  +v + +w,, U  YH + +w,,, . YH3 + +w,, 3 +w,  f .  +4   +w,, YH + +w,, . YH3 + +w,, 3 +w, 1

+53,

Wkh uhdghu pd| uhdol}h wkdw wkh okv ri wkh lqhtxdolw|/ zklfk uhsuhvhqwv wkh rq0wkh0htxloleulxp sdwk ehkdylru
uhpdlqv lghqwlfdo wr wkh rqh lq wkh revhuydeoh hqylurqphqw +f1i1 h{suhvvlrq +46,,1 Wkh fkdqjh rffxuv rq
wkh ukv ri wkh lqhtxdolw|/ ru wkh r0wkh0htxloleulxp sdwk1 Wkh rz ydoxh ri d glyhuvlrq vwloo frqwdlqv wkh
lpphgldwh ehqhw ri f1 Exw dv wkh lqyhvwru frqwlqxhv wr eholhyh wkdw dq lqyhvwphqw rffxuuhg/ kh zloo rqo|
dffhsw ixwxuh sursrvdov dv li dq lqyhvwphqw wrgd| kdg lqghhg rffxuuhg1 Lq frqvhtxhqfh/ wkh ydoxh ixqfwlrq
ri wkh hqwuhsuhqhxu zloo kdyh wr hyroyh +doprvw, dv li wkh fxuuhqw idloxuh kdg wr eh dwwulexwhg wr wkh surmhfw
udwkhu wkdq wkh glyhuvlrq ri wkh hqwuhsuhqhxu1 Wkhuh lv rqh ehqhw/ krzhyhu/ iru wkh hqwuhsuhqhxu iurp wkh
frqwlqxhg xsgdwlqj1 Vkh zloo nqrz wkdw wkh wuxh suredelolw| lv vwloo  +w, udwkhu wkdq  +w . ,1 Wkxv lqvwhdg
ri pxowlso|lqj wkh ixwxuh suredelolw| ri vxffhvv zlwk  +w . , vkh lv fhuwdlq wkdw lw lv lqghhg  +w,1 Wkh
uhvxowlqj jdlq lv jlyhq e|
 +w,
YH +w. , >
 +w . ,
dqg lq wkh olplw dv  $ 3/ lw lv wkh lqvwdqwdqhrxv glhuhqwldo lq wkh hyroxwlrq ri  +w,/ ru

dqg vlqfh

 +w,
YH + +w,, >
3 +w,

3 +w, @  +w, +4   +w,, >

wkh whup  +4   +w,, YH + +w,, uhvxowv1 Lq idfw/ wkh lqfhqwlyh frqvwudlqw pd| eh uhzulwwhq diwhu fdqfhoolqj
wkh reylrxv whupv dv=
+54,
 +w, v + +w,, U  f . YH + +w,, =
Qrwlfh wkdw li erwk frqvwudlqwv kdsshq wr eh elqglqj/ wkhq wkh ydoxh ixqfwlrq ri wkh hqwuhsuhqhxu fdq eh
gluhfwo| ghwhuplqhg wkurxjk +4<, dqg +54, zlwkrxw hyhq vroylqj wkh glhuhqwldo htxdwlrq1
Dv ixqglqj wrzdugv wkh hqg ri wkh olihwlph ri wkh surmhfw ehfrphv hdvlhu/ d frpsohphqwdu| sureohp dulvhv
dw wkh ehjlqqlqj ri wkh surmhfw1 Li lqghhg ixqglqj zloo eh jhqhurxv forvh wr wkh hqg ri wkh surmhfw/ wkhq wkh
hqwuhsuhqhxu pd| kdyh ohvv lqfhqwlyhv dw wkh ehjlqqlqj ri wkh surmhfw wr lqyhvw ixqgv/ dv wkh ixwxuh zloo rhu
sohqw| ri rssruwxqlwlhv wr frpsohwh wkh surmhfw1 Wkxv dq hdvlqj ri wkh lqfhqwlyh frqvwudlqw qhdu wkh hqg ri wkh
surmhfw pd| wljkwhq wkh lqfhqwlyh frqvwudlqw dw wkh ehjlqqlqj ri wkh surmhfw/ zkhq wkh dvvhvvphqw lq whupv
ri wkh eholhiv  +w, lv vwloo yhu| srvlwlyh1 Wklv lqglfdwhv wkdw wkh prqrwrqlflw| lq wkh ixqglqj suredelolwlhv
pd| lqghhg eh uhyhuvhg zlwk xqrevhuydeoh dfwlrqv1 Zh uvw vwdwh wkh uhvxowv dqg wkhq frpphqw rq vrph ri
wkh htxloleulxp surshuwlhv1
Wkhruhp 6 +Dup*v Ohqjwk Ixqglqj,
Wkh Pdunry vhtxhqwldo htxloleulxp lv xqltxh dqg ixqglqj vwrsv dw  +W , @ V 1
41 Li U ? 7f/ wkhq s +, lv lqfuhdvlqj lq  li s +, ? 4/ dqg
+d, U ? 5f . u f , s +, ? 4/ ; >

+e, U  5f . u f , s +, @ 4 li dqg rqo| li   
1
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51 Li U A 7f/ wkhq s +, lv ghfuhdvlqj lq  li s +, ? 4/ dqg
>
+d, U ? 5f . u f , s +, @ 4 li dqg rqo| li   
+e, U  5f . u f , s +, @ 4/ ;1

Surri1 Vhh Dsshqgl{1
Wkh fulwlfdo srlqw 
 zloo eh pruh forvho| h{dplqhg lq Fruroodu| 5 ehorz1 Zh qrwh/ krzhyhu/ wkdw 

lq jhqhudo uhihuv wr d glhuhqw fulwlfdo srlqw wkdq wkh srlqw dqdo|}hg xqghu uhodwlrqvkls qdqflqj1 Wkh
htxloleulxp zlwk xqrevhuydeoh dfwlrqv vkduhv d qxpehu ri surshuwlhv zlwk wkh rqh xqghu revhuydeoh dfwlrqv1
Wkh htxloleulxp ixqglqj vwloo vwrsv dw W @ V dv wkh lqfhqwlyh frqvwudlqw lq wkh qdo shulrg lv lghqwlfdo
xqghu v|pphwulf dqg dv|pphwulf lqirupdwlrq1 Pruhryhu/ li wkh surmhfwv glvsod|v orz uhwxuqv/ ru U ? 7f/
wkhq ixqglqj zloo dozd|v eh frqvwudlqhg wrzdugv wkh hqg ri wkh surmhfw dqg wkh uhfxuvlyh vwuxfwxuh ri wkh
sureohp lpsolhv wkdw wkh ixqglqj suredelolw| fdq rqo| lqfuhdvh zlwk dq lqfuhdvh lq wkh srvwhulru1 Dv zh
zloo vhh vkruwo|/ wkh ixqglqj suredelolw| zloo vwloo eh glhuhqw xqghu v|pphwulf dqg dv|pphwulf lqirupdwlrq1
Zkhwkhu ixqglqj zloo hyhqwxdoo| ehfrph xquhvwulfwhg dv  lv vx!flhqwo| forvh wr 4/ lv ghwhuplqhg e| wkh
vdph frqglwlrq/ U  5f . u f/ zh hqfrxqwhuhg hduolhu lq wkh v|pphwulf hqylurqphqw1 Wkh uhdsshdudqfh ri
wkh frqglwlrq lv sodxvleoh dv iru  vx!flhqwo| forvh wr rqh/ wkh glhuhqfhv lq wkh eholhiv ri hqwuhsuhqhxu dqg
lqyhvwru diwhu d ghyldwlrq ehfrph duelwudulo| vpdoo dv d fxuuhqw idloxuh fkdqjhv vfdqwlo| wkh rswlplvwlf ylhz
ri wkh lqyhvwru1 Wkhvh dujxphqwv fdq eh uhwudfhg irupdoo|/ e| qrwlqj wkdw lq wkh lqfhqwlyh frqvwudlqw iru
 $ 4/
 +4   +w,, YH + +w,, . YH3 + +w,, 3 +w, $ 3 >
dqg wkh lqfhqwlyh frqvwudlqw xqghu v|pphwulf dqg dv|pphwulf lqirupdwlrq ehfrph lghqwlfdo1
Iru surmhfwv zlwk vx!flhqwo| kljk uhwxuqv/ ru U A 7f/ wkh htxloleulxp ixqglqj sdwwhuq krzhyhu vhhv d
uhyhuvdo lq wkh prqrwrqlflw|1 Wkh djhqf| sureohp ehfrphv ohvv ri d frqvwudlqw wrzdug wkh hqg skdvh ri wkh
surmhfw1 Wkh ixqglqj pd| wkhq eh vorz dw wkh ehjlqqlqj ri wkh surmhfw dqg dffhohudwh dv lw frphv forvhu
wr wkh hqg ri lwv olihwlph1 Rqo| li wkh surmhfw lv ulfk/ ru U A 7f/ dqg wkh udwlr ri vxffhvv suredelolw| dqg
glvfrxqw udwh lv vx!flhqwo| vpdoo/ ru U  5f . u f/ zloo wkh surmhfw eh ixqghg gxulqj lwv hqwluh olihwlph zlwk
suredelolw| rqh1 Wkh hyroxwlrq ri wkh ixqglqj suredelolwlhv/ erwk dv d ixqfwlrq ri wkh srvwhulru suredelolw|
dqg uhdo wlph/ duh glvsod|hg iru d ulfk surmhfw zlwk U ? 5f . u f ehorz1
Lqvhuw Iljxuh 7 khuh
Lqvhuw Iljxuh 8 khuh
Zh rplw wkh uhsuhvhqwdwlrq ri d srru surmhfw/ ru U ? 7f/ dv lwv sdwwhuq lv vlplodu wr wkh rqh ghslfwhg
hduolhu zlwk v|pphwulf lqirupdwlrq +vhh Iljxuh 5 dqg 6,1 Wkh fulwlfdo srlqw 
 lv jlyhq qh{w wrjhwkhu zlwk wkh
htxloleulxp suredelolw| ri ixqglqj1
Fruroodu| 5 Wkh fulwlfdo srlqw 
 lv jlyhq e|=

@

5f  u f
>
U  5 u f

dqg wkh ixqglqj suredelolw| iru s +, ? 4 lv jlyhq e|=
s +, @

u U  5f
1
 +5  4, f
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Surri1 Vhh Dsshqgl{1
Wkh h{solflw uhsuhvhqwdwlrq ri wkh ixqglqj suredelolw| lqirupv xv lpphgldwho| wkdw lw lv lqfuhdvlqj lq u
dqg ghfuhdvlqj lq = Dv wkh hqwuhsuhqhxu glvfrxqwv wkh ixwxuh pruh khdylo|/ wkh rswlrq ri glyhuwlqj ixqgv wrgd|
dqg srvwsrqlqj doo dwwhpswv wr frpsohwh wkh surmhfw lqwr wkh ixwxuh ehfrphv ohvv ydoxdeoh1 Dv d frqvhtxhqfh/
wkh lqfhqwlyhv qhfhvvdu| wr jxdudqwhh wkh dssursuldwh dfwlrq e| wkh hqwuhsuhqhxu fdq eh zhdnhqhg dqg wkh
rz ri ixqgv fdq eh dffhohudwhg1 Dq lqfuhdvh lq  rq wkh rwkhu kdqg pdnhv ixwxuh vxffhvv iru d jlyhq
srvwhulru eholhi pruh olnho|/ dqg wkhuhiruh lqfuhdvhv wkh ydoxh ri d glyhuvlrq wrgd|1 Wkh lqyhvwru uhvsrqgv lq
htxloleulxp zlwk d orzhu ixqglqj suredelolw|1
Dw wkh lqwhuvhfwlrq ehwzhhq srru dqg ulfk surmhfwv/ zkhq U @ 7f/ wkh suredelolw| ri ixqglqj lv frqvwdqw
dfurvv doo wlph shulrgv dqg htxdo wr
u
s +, @ 5 =



li 5u ? 1 Rwkhuzlvh ixqglqj rffxuv zlwk fhuwdlqw|1 Wkh glhuhqw uhjlphv duh hdvlhvw glvsod|hg lq wkh u > U
vsdfh iru d jlyhq f1 Wkh vpdoo fxuyhv lq hdfk hog glvsod| wkh w|slfdo judsk ri wkh ixqglqj suredelolw| dv d
ixqfwlrq ri wkh srvwhulru eholhi 1
Lqvhuw Iljxuh 9 khuh
Zh zloo qdoo| lqvshfw pruh forvho| wkh lqwxlwlrq iru wkh frqglwlrqv zkhq ixqglqj lv dfwxdoo| uhvwulfwhg1
Wkh plqlpxp sd|r wkdw lv qhhghg wr vdwlvi| lqfhqwlyh frpsdwlelolw| lv pdgh xs ri wkuhh frpsrqhqwv1 Iluvw/
dv lq wkh fdvh ri revhuydeoh dfwlrqv/ wkh hqwuhsuhqhxu qhhgv wr uhfhlyh fodlpv zruwk khu frqwhpsrudqhrxv
uhqw ri f/ wkh xwlolw| vkh zrxog uhfhlyh iurp glyhuwlqj wkh fxuuhqw ixqgv1 Vhfrqg/ vkh qhhgv wr uhfhlyh djdlq
dq lqwhuwhpsrudo uhqw wkdw frpshqvdwhv khu iru wkh orvv lq wkh rswlrq ydoxh iurp ixwxuh srvvleoh ghyldwlrqv>
wklv rswlrq ydoxh lv rqo| +4  +w,,YH + +w,, li vkh frpsolhv dqg lqyhvwv/ exw li vkh glyhuwv/ vkh nhhsv wkh
rswlrq zlwk fhuwdlqw|/ d ydoxh ri YH + +w,,1 Wkxv/ e| lqyhvwlqj wkh hqwuhsuhqhxu lqfxuv d gurs lq wkh rswlrq
ydoxh ri +w,YH + +w,,1 Wklug/ wkh hqwuhsuhqhxu qhhgv wr uhfhlyh d ohduqlqj uhqw wkdw frpshqvdwhv khu iru
uhqrxqflqj dw wkh rswlrq wkdw e| glyhuwlqj/ vkh zloo hydoxdwh wkh suhvhqw ydoxh ri lwv ixwxuh vkduh frqwudfw e|
d pruh rswlplvwlf eholhi wkdq e| lqyhvwlqj/ vlpso| ehfdxvh vkh grhv qrw ohduq dq|wklqj lq wkh fxuuhqw shulrg
zkhq glyhuwlqj1 Wklv hhfw zloo pdnh wkh ydoxh ri doo ixwxuh lqfhqwlyh vkduhv lqfuhdvh e|  3++ww,, YH + +w,,1
Dq lqfhqwlyh0frpsdwleoh frqwudfw pxvw frpshqvdwh wkh hqwuhsuhqhxu iru doo wkuhh frpsrqhqwv1
Wkxv/ wkh lqwxlwlrq glhuv lq wzr lpsruwdqw zd|v iurp wkh lqwxlwlrq lq wkh revhuydeoh dfwlrqv fdvh1 Iluvw/
zkhuhdv zlwk revhuydeoh dfwlrqv/ wkh hqwuhsuhqhxu frxog dozd|v vhfxuh d shushwxlw| ri ixqgv zruwk f
u / zlwk
xqrevhuydeoh dfwlrqv d ghyldwlrq zloo qrw vwrs wkh forfn ri wkh lqyhvwru/ zkr frqwlqxhv wr grzqjudgh klv
eholhiv dqg zloo vwrs surylglqj ixqgv dv vrrq dv klv +sxwdwlyh, eholhi kdv idoohq wr V 1 Vhfrqg/ wkh plqlpxp
uhqw wkdw wkh hqwuhsuhqhxu frppdqgv lqfoxghv qrz dovr wkh ohduqlqj uhqw wr frpshqvdwh iru wkh lqirupdwlrqdo
dgydqwdjh wkdw d ghyldwlrq jdlqv1
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Vhtxhqwldo Htxloleulxp

Wkh fkdudfwhul}dwlrq ri wkh htxloleulxp vhhphg wr uho| vwurqjo| rq wkh Pdunryldq dvvxpswlrq1 Lq sduwlfxodu/
zh uhsuhvhqwhg wkh lqfhqwlyh sureohp ri wkh hqwuhsuhqhxu wkurxjk d Ehoopdq htxdwlrq1 Exw wkhuh lv rqh fuxfldo
glhuhqfh wr uhodwlrqvkls qdqflqj= Dv wkh lqyhvwru frqwlqxhv wr orzhu klv eholhi hyhu| wlph kh surylghg ixqgv
|hw glg qrw revhuyh vxffhvv/ kh uhdfkhv wkh srvwhulru eholhi V diwhu qlwho| pdq| srvlwlyh ixqglqj ghflvlrqv1
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Wklv lv wuxh rq wkh htxloleulxp sdwk dv zhoo dv r wkh htxloleulxp sdwk1 Wkxv/ lq frqwudvw wr wkh v|pphwulf
hqylurqphqw/ wkh krul}rq ri wkh jdph hhfwlyho| ehfrphv qlwh1 Wklv doorzv xv wr dqdo|}h wkh jdph e|
edfnzdugv lqgxfwlrq ryhu d qlwh krul}rq1 Dv wkh +vwdwlf, htxloleulxp lq dq| qdo shulrg zkhuh W  V /
|hw W .4 ? V / lv xqltxh/ zh fdq wkhq frqvwuxfw wkh htxloleulxp uhfxuvlyho|1 Pruhryhu wkh vwdjh jdph kdv d
aw,
xqltxh htxloleulxp iru dq| jlyhq frqwlqxdwlrq sd|r1 Lq d vhtxhqwldo htxloleulxp/ wkh lqyhvwru*v eholhiv +k
duh wlhg grzq dffruglqj wr Ed|hv* uxoh diwhu doo srvvleoh klvwrulhv/ lqfoxglqj r wkh htxloleulxp klvwrulhv/
zklfk lv wkhq vx!flhqw wr jxdudqwhh wkh xqltxhqhvv ri wkh frqwlqxdwlrq htxloleulxp hyhu|zkhuh1 Lw iroorzv
wkdw edfnzdugv lqgxfwlrq ohdgv wr d xqltxh vhtxhqwldo htxloleulxp lqghshqghqw ri wkh Pdunry dvvxpswlrq18
Wkh frqvwuxfwlrq ri wkh htxloleulxp lq Wkhruhp 6 lv wkxv lq idfw frqvwuxfwlqj wkh xqltxh vhtxhqwldo
htxloleulxp/ zkhuh wkh srvwhulru eholhi w phuho| vhuyhv wr vxppdul}h wkh eholhiv ri wkh sod|huv iru d jlyhq
klvwru|/ exw qrw dv d uhvwulfwlrq rq wkh frqglwlrqlqj ri wkh vwudwhjlhv1
Fruroodu| 6 Wkh xqltxh Pdunry vhtxhqwldo htxloleulxp lv wkh xqltxh vhtxhqwldo htxloleulxp1
Surri1 Vhh Dsshqgl{1
Iru wkh vdph qlwh krul}rq orjlf/ zh gr qrw qhhg wr uhihu wr dq| qrwlrq ri uhqhjrwldwlrq0surriqhvv lq wkh
hqylurqphqw zlwk xqrevhuydeoh dfwlrqv1
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Edujdlqlqj dqg Orqj0Whup Frqwudfwv

Dv ehiruh/ zh dvn krz vhqvlwlyh wkh htxloleulxp uhvxowv duh wr wkh vshflfv ri wkh frqwudfwlqj prgho/ lq
sduwlfxodu wkh glvwulexwlrq ri wkh edujdlqlqj srzhu dqg wkh uhvwulfwlrq wr vkruw0whup frqwudfwv1
Edujdlqlqj Srzhu1 Vxssrvh qrz wkdw wkh lqyhvwru pdnhv doo wkh rhuv dqg wkh hqwuhsuhqhxu fdq rqo|
uhvsrqg zlwk dffhswdqfh ru uhmhfwlrq1 Iru wkh vhw ri surmhfwv zlwk orz uhwxuqv/ ru U ? 7f/ wkh htxloleulxp
ixqglqj sdwwhuq lv lghqwlfdo wr wkh rqh xqghu v|pphwulf lqirupdwlrq dqg fkdqjhv lq edujdlqlqj vwuxfwxuh
gr qrw dw doo hhfw wkh ixqglqj suredelolwlhv1 Iru surmhfwv zlwk kljk uhwxuqv/ U A 7f/ wkh ixqglqj sdwwhuq
uhpdlqv lq lwv txdolwdwlyh surshuwlhv exw wkh htxloleulxp glvsod|v ohvv lqh!flhqflhv1 Wkh uhdvrq lv wkdw
zkhqhyhu ixqglqj lv xquhvwulfwhg/ wkh surmhfw*v h{shfwhg fdvk rz  +w, +U  f, ohdyhv vrph iuhh vxusoxv
diwhu sduwlflsdwlrq dqg lqfhqwlyh frqvwudlqwv duh vdwlvhg1 Wkh txhvwlrq lv wkhq wr zkrp wklv vxusoxv vkrxog
eh glvwulexwhg lq rughu wr dfklhyh wkh ehvw ryhudoo doorfdwlrq1 Li wkh vxusoxv lv jlyhq wr wkh lqyhvwru udwkhu
wkdq wkh hqwuhsuhqhxu wkhq wklv orzhuv wkh htxloleulxp ydoxh ri wkh hqwuhsuhqhxu1 Wkh plqlpxp ydoxh ri
wkh hqwuhsuhqhxu wkdw jxdudqwhhv lqfhqwlyh frpsdwlelolw| lv uhfxuvlyho| frqvwuxfwhg1 Wkxv/ d orzhu h{shfwhg
frpshqvdwlrq lq wkh ixwxuh +vlqfh wkh iuhh vxusoxv lv jlyhq wr wkh lqyhvwru, wudqvodwhv lqwr d orzhu rswlrq ydoxh
ri glyhuwlqj dqg khqfh lqwr d orzhu plqlpxp frpshqvdwlrq wrgd|1 Wkh lqfhqwlyh sureohp ri wkh hqwuhsuhqhxu
lq wkh fxuuhqw shulrg lv hdvhg1 Lq frqvhtxhqfh/ d fkdqjh lq wkh edujdlqlqj srzhu zrxog doorz dq lqfuhdvh ri
wkh duhd zkhuh ixqglqj lv surylghg zlwk suredelolw| rqh dqg zrxog lqfuhdvh wkh suredelolw| ri ixqglqj ryhu
wkh hqwluh krul}rq1
Orqj0Whup Frqwudfwv1 Wkh uhdvrqv zk| wkhuh fdq eh ehqhwv iurp dgrswlqj +uhqhjrwldwlrq0surri, orqj0
whup frqwudfwv duh forvho| uhodwhg1 Dv orqj0whup frqwudfwv uhsodfh wkh rz sduwlflsdwlrq frqvwudlqw ri wkh
lqyhvwru zlwk d vlqjoh lqlwldo frqvwudlqw/ lqwhuwhpsrudo vprrwklqj lv srvvleoh1 Li wkh surmhfw kdv d kljk
uhwxuq/ U A 7f/ wkhq wkh surmhfw lv lqlwldoo| frqvwudlqhg/ dqg d iuhh vxusoxv dulvhv wrzdugv wkh hqg ri wkh
8 Shuihfw Ed|hvldq htxloleulxp fdqqrw eh xvhg khuh vlqfh dgyhuvh vhohfwlrq lv d frqvhtxhqfh ri wkh hqwuhsuhqhxu*v xqrevhuydeoh
dfwlrqv/ qrw ri fkdqfh pryhv ri qdwxuh1
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uhodwlrqvkls1 Dv glvfxvvhg iru fkdqjhv lq wkh edujdlqlqj srzhu/ doorfdwlqj wklv vxusoxv wr wkh lqyhvwru orzhuv
wkh hqwuhsuhqhxu*v h{shfwhg ixwxuh ydoxh/ dqg khqfh hdvhv wkh fxuuhqw lqfhqwlyh sureohp1 Pruhryhu/ lq uhwxuq
iru pdnlqj h{shfwhg surwv wrzdugv wkh hqg/ wkh lqyhvwru fdq djuhh wr vxevlgl}h wkh surmhfw hovhzkhuh/ l1h1 wr
surylgh ixoo ixqglqj zkloh dffhswlqj d fxuuhqw vkduh +4  v +w,, +w, U wkdw idoov vkruw ri wkh lqyhvwphqw rz
f1 Wkh txhvwlrq lv wkhq zkhq wr vfkhgxoh wklv vxevlg| skdvh1 Wkh dqvzhu lv wkdw wklv vxevlg| skdvh vkrxog
eh vfkhgxohg dv vrrq dv srvvleoh/ exw wkh uhtxluhphqw wkdw wkh htxloleulxp eh lppxqh wr uhqhjrwldwlrq lv
dq hhfwlyh frqvwudlqw rq wklv1 Dv d frqvhtxhqfh/ li U  5f . f
u / wkh lqwhuwhpsrudo vprrwklqj duudqjhphqw
zloo doorz dq hduo| vwduw dqg dq h{whqvlrq ri wkh qdo skdvh zkhuh ixoo ixqglqj fdq eh surylghg/ exw rqo|
suredelolvwlf ixqglqj lv srvvleoh lqlwldoo|1 Li U A 5f . f
u / wkhq ixoo ixqglqj lv srvvleoh iurp wkh vwduw dqg fdq
eh frqwlqxhg hyhq eh|rqg V 1
E| frqwudvw/ iru surmhfwv zlwk orz uhwxuqv/ ru U ? 7f/ wkh g|qdplfv ri wkh ixqglqj sdwwhuq lv uhyhuvhg
dqg uhvhpeohv urxjko| wkh slfwxuh zlwk revhuydeoh dfwlrqv1 Wkh surmhfw lv frqvwudlqhg wrzdugv wkh hqg/
qhfhvvlwdwlqj wr vorz grzq wkh uhohdvh ri ixqgv1 Wkh lqwhuwhpsrudo vprrwklqj rswlrq ri orqj0whup frqwudfwv
doorzv wr surorqj wkh lqlwldo ixoo ixqglqj skdvh1 Exw dv vrrq dv wkh vxusoxv lv h{kdxvwhg/ wkh rswlpdo frqwudfw
uhyhuwv edfn wr wkh vhtxhqfh ri frqwudfwv ghvfulehg deryh/ zlwk wkh vdph ixqglqj suredelolwlhv1 Li U  5f. f
u
ru li 3 lv vr vpdoo wkdw vkruw0whup frqwudfwv qhyhu doorz iru ixqglqj wr eh surylghg zlwk suredelolw| rqh/
wkhq wkhuh lv qhyhu d vxusoxv wr uhglvwulexwh lqwhuwhpsrudoo| dqg orqj0whup frqwudfwlqj fdqqrw lpsuryh xsrq
vkruw0whup frqwudfwv1 Iru ghwdlov dqg irupdo vwdwhphqwv/ zh uhihu djdlq wr dq hduolhu yhuvlrq ri wklv sdshu
+Ehujhpdqq dqg Khjh +5333,,1
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Revhuydelolw| dqg wkh Frpplwphqw wr Vwrs

Lq wkh suhylrxv wzr vhfwlrqv/ zh jdyh vhsdudwh dffrxqwv ri wkh hqylurqphqw zlwk revhuydeoh dqg ri wkh
xqrevhuydeoh dfwlrqv1 Wklv vhfwlrq surylghv d frpsdulvrq ri wkh wzr fdvhv1 Zh htxdwhg revhuydeoh dfwlrqv
zlwk uhodwlrqvkls ixqglqj dqg xqrevhuydeoh dfwlrqv zlwk dup*v ohqjwk qdqflqj1 Wkxv/ zh pljkw wklqn ri
wklv frpsdulvrq uh hfwlqj d fkrlfh ri wkh hqwuhsuhqhxu ehwzhhq wkhvh wzr ixqglqj prghv1
Lw lv lpsruwdqw wr qrwh wkdw/ rqfh wkh qdqflqj prgh lv fkrvhq/ wkh lqyhvwru lv frpplwwhg wr wkh lqiru0
pdwlrqdo hqylurqphqw wkurxjkrxw1 Wkh vrxufh ri wklv frpplwphqw lv qrw h{sodlqhg lq wkh prgho1 Exw li wkh
odfn ri lqirupdwlrq lv gxh wr d odfn ri lqvwlwxwlrqdo fdsdflw| ru h{shuwlvh wr prqlwru/ wkhq lw vhhpv sodxvleoh
wkdw wkh lqyhvwru fdqqrw vxgghqo| uhqhjh dqg vwrs ru vwduw revhuylqj wkh hqwuhsuhqhxu*v ghflvlrqv1
Wkh lpphgldwh ehqhw ri uhodwlrqvkls ixqglqj lv wkh devhqfh ri sulydwh lqirupdwlrq gxulqj wkh ghyhors0
phqw ri wkh uhodwlrqvkls1 Lw phdqv lq sduwlfxodu wkdw wkh ghvljq ri wkh frqwudfw grhv qrw kdyh wr dffrxqw
iru wkh h{wudfwlrq ri sulydwh lqirupdwlrq1 Lw wkxv flufxpyhqwv wkh ohduqlqj uhqw zklfk lv dvvrfldwhg zlwk
wkh sulydwh lqirupdwlrq1 Zh kdyh vkrzq deryh wkdw xqghu uhodwlrqvkls qdqflqj/ wkuhh glhuhqw frpsr0
qhqwv ri uhqwv pxvw eh dzdughg wr wkh hqwuhsuhqhxu wr pdnh khu zloolqj wr lqyhvw dqg ulvn hduo| vxffhvv/
qdpho| wkh frqwhpsrudqhrxv uhqw htxdo wr wkh lpphgldwh jdlq lq frqvxpswlrq wkdw d ghyldwlrq drugv/ wkh
lqwhuwhpsrudo uhqw wr frpshqvdwh iru wkh rswlrq wr uhfhlyh vxuh frqwlqxhg qdqflqj zkhq ghyldwlqj/ dqg
qdoo| wkh ohduqlqj uhqw gulyhq e| wkh idfw wkdw rqo| wkh hqwuhsuhqhxu nqrzv zkhwkhu vrphwklqj kdv dfwxdoo|
ehhq ohduqhg derxw w ru qrw1 E| frqwudvw/ wkhuh zhuh rqo| wzr ri wkhvh frpsrqhqwv suhvhqw lq wkh fdvh ri
uhodwlrqvkls qdqflqj/ vlqfh wkhuh zdv qr qhhg iru wkh ohduqlqj uhqw1
Wkh +lpsolflw, frvw ri wkh uhodwlrqvkls ixqglqj uhvlghv zlwk wkh delolw| ri wkh hqwuhsuhqhxu wr uhvwduw wkh
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uhodwlrqvkls diwhu vkh glyhuwhg ixqgv lq suhylrxv shulrgv1 Dv wkh lqyhvwru fdq*w frpplw klpvhoi wr uhixvh
d frqwudfw zlwk srvlwlyh qhw sd|rv/ wkh hqwuhsuhqhxu zdv hvvhqwldoo| deoh wr h{wudfw d uhqw htxlydohqw wr
dq lqqlwh vwuhdp ri ixqgv f> zruwk f@u +ru lq wkh fdvh ri suredelolvwlf ixqglqj sf@u,1 Lq frqwudvw/ wkh
dv|pphwu| lq wkh dup*v ohqjwk uhodwlrqvkls uhgxfhv wkh delolw| ri wkh hqwuhsuhqhxu wr uhqhjrwldwh dw idyrudeoh
whupv dqg khqfh zhdnhqv wkh lqfhqwlyhv iru wkh hqwuhsuhqhxu wr ghod| lqyhvwphqw lqwr wkh surmhfw1
Zlwk wklv edvlf wudgh0r ehwzhhq wkh wzr ixqglqj prghv/ zh qg wkdw wkh srvvleoh frvw ri dq dup*v ohqjwk
uhodwlrqvkls/ qdpho| wkh ohduqlqj uhqw/ lv vpdoo lq frpsdulvrq wr wkh ehqhw iurp frpplwphqw1 Wkhuhiruh/
zh duulyh dw wkh iroorzlqj udwkhu vxusulvlqj uhvxow1
Wkhruhp 7 +Frpsdulvrq,
Wkh ixqglqj suredelolw| lv odujhu iru doo srvwhulru eholhiv  xqghu dup*v ohqjwk qdqflqj wkdq xqghu uhodwlrq0
vkls qdqflqj1
Surri1 Vhh Dsshqgl{1
Wr jdlq pruh lqvljkw lqwr uhvxow/ lw lv khosixo wr glvfxvv vhsdudwho| surmhfwv zlwk orz uhwxuqv +U ? 7f, dqg
surmhfwv zlwk kljk uhwxuqv +U A 7f,1 Iru srru surmhfwv/ U ? 7f/ zh vkrzhg hduolhu wkdw wkh ixqglqj sdwwhuq
xqghu v|pphwulf dqg dv|pphwulf lqirupdwlrq lv vlplodu1 Wr suryh wkh wkhruhp/ lw lv wkhq vx!flhqw wr vkrz
wkdw iru doo srvwhulru eholhiv / wkh ixqglqj suredelolw| lv kljkhu zlwk dup*v ohqjwk ixqglqj dv wkh vkdulqj
uxohv wkhpvhoyhv duh lqyduldqw wr wkh lqirupdwlrqdo dvvxpswlrqv1 Iru ulfk surmhfwv/ ru U A 7f/ wkh uhvxow pd|
eh vxusulvlqj dv zh kdyh vkrzq wkdw wkh hyroxwlrq ri wkh ixqglqj suredelolwlhv glvsod|v rssrvlwh vljqv= s+,
lv +zhdno|, ghfuhdvlqj zlwk revhuydeoh dfwlrqv dv wkh surmhfw jrhv rq/ exw lw lv lqfuhdvlqj zlwk xqrevhuydeoh
dfwlrqv1 \hw iru U A 5f . f
u / zh vkrzhg wkdw ixqglqj lv surylghg zlwk suredelolw| rqh xqghu dup*v ohqjwk
frqwudfw wkurxjkrxw1 Wkxv/ lw rqo| uhpdlqv wr frqvlghu U  5f . f
u 1 Khuh ixqglqj dozd|v rffxuv zlwk
suredelolw| ohvv wkdq rqh lq uhodwlrqvkls ixqglqj/ dqg d frpsdulvrq ri wkh htxloleulxp suredelolwlhv djdlq
hvwdeolvkhv wkh uhvxow1
Wkh fohdu Sduhwr0udqnlqj ehwzhhq wkh wzr qdqflqj prghv lv d udwkhu vwulnlqj uhvxow1 Iurp d qdlyh
srlqw ri ylhz/ lw pd| dsshdu frxqwhulqwxlwlyh vlqfh lw vd|v wkdw wkh qdqflqj prgh zlwk dq lqirupdwlrqdo
dv|pphwu| vhsdudwlqj qdqflhu dqg hqwuhsuhqhxu lv pruh h!flhqw1 Zh hpskdvl}hg wkdw wkh fkrlfh ehwzhhq
dup*v ohqjwk dqg uhodwlrqvkls qdqflqj frphv grzq wr d wudgh0r ehwzhhq wkh frpplwphqw hhfw dqg wkh
ohduqlqj uhqw hhfw1 Wkh uhvxow wkhq vwdwhv wkdw wkh frpplwphqw hhfw grplqdwhv wkh ohduqlqj uhqw dhfw zlwk
dq lqqlwh krul}rq1 Qdwxudoo|/ li zh zhuh wr lpsrvh d qlwh olplw rq wkh wlph krul}rq ri surmhfw frpsohwlrq/
wkhq wkh frpplwphqw hhfw zrxog ehfrph zhdnhu dqg hyhqwxdoo| eh grplqdwhg zlwk d vx!flhqwo| vkruw wlph
krul}rq1
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Frqfoxvlrq

Lq wklv sdshu zh suhvhqwhg d g|qdplf djhqf| prgho lq zklfk wlph dqg rxwfrph ri wkh surmhfw zdv xqfhuwdlq1
Wkh prgho surplqhqwo| ihdwxuhg wkuhh dvshfwv zklfk wrjhwkhu duh ghqlqj hohphqwv iru d zlgh fodvv ri djhqf|
sureohpv ri uhvhdufk dqg ghyhorsphqw dfwlylwlhv= +l, wkh hyhqwxdo uhwxuqv iurp wkh surmhfw duh xqfhuwdlq/
+ll, pruh lqirupdwlrq derxw wkh olnholkrrg ri vxffhvv duulyhv zlwk lqyhvwphqw lqwr wkh surmhfw/ dqg +lll,
lqyhvwru dqg hqwuhsuhqhxu +lqqrydwru, fdqqrw frpplw wr ixwxuh dfwlrqv1 Wkh dqdo|vlv irfxvhg rq Pdunryldq
htxloleuld/ exw zh vkrzhg wkdw wklv lv d udwkhu plog ru hyhq lppdwhuldo uhvwulfwlrq lq wkh frqwh{w ri wkh
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prgho1 Wkh htxloleulxp dqdo|vlv surfhhghg vhtxhqwldoo|/ vwduwlqj zlwk v|pphwulf lqirupdwlrq dqg hqglqj
zlwk dv|pphwulf lqirupdwlrq1 Wkh ixqglqj ohyho zdv ghwhuplqhg hqgrjhqrxvo| dqg ghshqghg rq wkh uhwxuqv
ri wkh surmhfw/ wkh glvfrxqw idfwru dqg wkh lqirupdwlrqdo dv|pphwu| ehwzhhq hqwuhsuhqhxu dqg lqyhvwru1
Wkh lpsdwlhqfh ri wkh hqwuhsuhqhxu zdv dq lpsruwdqw ghwhuplqdqw lq wkh yroxph ri ixqglqj dv wkh vhyhulw|
ri wkh lqfhqwlyh frqvwudlqw lqfuhdvhg zlwk wkh glvfrxqw idfwru1 Wklv lv lq frqwudvw wr wkh uhvxowv lq wkh wkhru|
ri uhshdwhg prudo kd}dug jdphv/ zkhuh glvfrxqw idfwruv forvh hqrxjk wr rqh riwhq doorz wkh htxloleulxp
vhw wr uhdfk wkh h!flhqf| iurqwlhu1 Lq dgglwlrq/ zh vkrzhg wkdw dv|pphwulf lqirupdwlrq whqgv wr uhod{ wkh
lqfhqwlyh frqvwudlqw ri wkh hqwuhsuhqhxu1 Wkh uhfxuvlyh vwuxfwxuh ri wkh lqfhqwlyh frqvwudlqw ohdg wr glvwlqfw
ixqglqj g|qdplfv iru srru +U ? 7f, dqg ulfk surmhfwv +U A 7f, zlwk dv|pphwulf lqirupdwlrq1
Wkh edvlf wudgh0r ehwzhhq dup*v ohqjwk dqg uhodwlrqvkls qdqflqj uhyhdohg lq wklv sdshu lv wkdw dup*v
ohqjwk qdqflqj rhuv wkh dgydqwdjh wkdw wkh lqyhvwru lv lpsolflwo| frpplwwhg wr d qlwh vwrsslqj krul}rq/
zkloh uhodwlrqvkls qdqflqj vdyhv xs rq wkh ohduqlqj uhqw vlqfh lqyhvwru dqg hqwuhsuhqhxu xsgdwh eholhiv
v|pphwulfdoo|1
D ihz srvvleoh h{whqvlrqv dqg jhqhudol}dwlrqv ri wkh dqdo|vlv suhvhqwhg khuh vkrxog dw ohdvw eh phqwlrqhg1
Iluvw/ lw vkrxog eh lqwhuhvwlqj wr frqvlghu wkh ixqglqj ri d vhtxhqfh ri surmhfwv/ ru dowhuqdwlyho| wkh qdqflqj ri
glhuhqw vwdjhv ri d vlqjoh surmhfw zlwk suh0vshflhg shuirupdqfh ehqfkpdunv/ wkxv fdswxulqj zhoo0hvwdeolvkhg
sudfwlfh lq yhqwxuh fdslwdo qdqflqj1
Vhfrqg/ wkh hqwuhsuhqhxu pd| lqlwldoo| rzq vrph/ shukdsv vpdoo/ lqyhvwphqw ixqgv/ dqg zh pljkw dvn
krz lqvlgh dqg rxwvlgh ixqg duh rswlpdoo| pl{hg ryhu wlph1 Zh duh frqghqw wkdw d ghod|hg xvh ri wkh
hqwuhsuhqhxu*v htxlw| fdq eh vkrzq wr eh rswlpdo lq vrph fdvhv1 Wklv vkrxog qrwdeo| eh wkh fdvh li wkh
hqwuhsuhqhxu*v ixqgv khos doohyldwh qdqflqj frqvwudlqwv zkhq wkh surplvh ri wkh surmhfw ghwhulrudwhv1 Wklv
zdv pruh iuhtxhqwo| wkh fdvh xqghu uhodwlrqvkls qdqflqj1
Wklug/ d zruwkzkloh h{whqvlrq lv wr frqvlghu wkh htxloleulxp ehkdylru zkhq wkhuh duh frpshwlqj surmhfwv/
iruphg e| glhuhqw hqwuhsuhqhxuv/ ru glhuhqw sdluv ri lqyhvwruv dqg hqwuhsuhqhxuv1 Dv frpshwlwlrq pd| olplw
wkh uhqw ri hdfk sduwlfxodu hqwuhsuhqhxu/ sdudooho uhvhdufk iru dq lghqwlfdo remhfwlyh pljkw eh dq duudqjhphqw
wkdw lpsuryhv h!flhqf| lq vslwh ri wkh lqhylwdeoh gxsolfdwlrq ri U)G hruwv1 Frpshwlwlrq fdq eh ydoxh0
lqfuhdvlqj ehfdxvh wkh wkuhdw ri suhhpswlrq e| d frpshwlwru olplwv wkh rswlrq ri wkh hqwuhsuhqhxu wr ghyldwh
iruhyhu1
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:

Dsshqgl{

Wklv Dsshqgl{ frqwdlqv wkh surriv wr doo sursrvlwlrqv lq wkh pdlq erg| ri wkh wh{w1 Zh vwduw zlwk wkh
iroorzlqj wzr ohppdwd zklfk ghvfuleh vrph ihdwxuhv frpprq wr doo vxejdph shuihfw htxloleuld lq glvfuhwh
wlph zlwk v|pphwulf lqirupdwlrq1
Ohppd 4 Lq hyhu| VSH qr ixqglqj rffxuv iru  ? V 1
Surri1 Wkh surri lv e| frqwudglfwlrq1 Revhuyh uvw wkdw lq hyhu| VSH ixqglqj fdq eh surylghg rqo| qlwho|
pdq| wlphv1 Wkh vrfldoo| h!flhqw vwrsslqj srlqw lv jlyhq e|  A 3 dqg fdq eh uhdfkhg lq qlwh wlph1 Dq|
ixqglqj dw  ?  pxvw uhvxow lq vwulfwo| qhjdwlyh sd|rv iru dw ohdvw rqh djhqw/ dv wkh vrfldo orvvhv dvvrfldwhg
zlwk  ?  kdyh wr eh devruehg1 Exw dv wkh hqwuhsuhqhxu fdq dozd|v glyhuw wkh ixqgv dqg wkh lqyhvwru fdq
dozd|v ghfolqh wr sduwlflsdwh/ wkh htxloleulxp sd|r ri hdfk djhqw pxvw eh qrqqhjdwlyh1 Frqvlghu wkhuhiruh
dq| htxloleulxp lq zklfk ixqglqj lv surylghg rqo| qlwho| pdq| wlphv1 Wkhq wkhuh lv d qdo shulrg W lq
zklfk
W  +4  vW , U  f>
dv zhoo dv
W vW U  f>
kdyh wr eh vdwlvhg/ exw erwk lqhtxdolwlhv fdq qhyhu eh vdwlvhg dw dq| W ? V 1
Ohppd 5 Lq hyhu| VSH rqo| euhdn0hyhq frqwudfwv kdyh d srvlwlyh suredelolw| ri ehlqj dffhswhg1
Surri1 Wkh surri lv e| edfnzdug lqgxfwlrq1 Zh vwduw zlwk dq| duelwudu|   V vdwlvi|lqj=
+4  , 
? V 1
4  

+55,

E| Ohppd 4 zh nqrz wkdw dw  wkh surmhfw zloo dw prvw uhfhlyh rqh urxqg ri dgglwlrqdo ixqglqj1 Zh uvw
vkrz wkdw dw  dqg lq htxloleulxp rqo| euhdn0hyhq frqwudfwv kdyh d srvlwlyh suredelolw| ri ehlqj dffhswhg1
E| lqgxfwlrq/ zh wkhq h{whqg wkh dujxphqw edfnzdugv iurp dq| 3 wr dq| 33 zkhuh 3 dqg 33 duh olqnhg
e| Ed|hv uxoh=
+4  , 33
=
+56,
3 @
4  33
Vxssrvh e| zd| ri frqwudglfwlrq/ wkdw wkh frqwudfw rhuhg dw  lq d shulrg w lv qrw d euhdn0hyhq frqwudfw/
zkhuh wkh odwhu lv ghqrwhg e| v1 Iluvw zh vkrz wkdw vw  v kdv wr krog1 Vxssrvh qrw/ ru vw A v/ zlwk vw vxfk
wkdw sduwlflsdwlrq frqvwudlqw=
+57,
 +4  vw , U  f  YL +kw.4 , >
dqg lqfhqwlyh frqvwudlqw krog=



vw U  f . YH k3w.4 >

+58,

zkhuh kw.4 ghvfulehv wkh klvwru| diwhu d uhixvdo ri wkh frqwudfw/ dqg k3w.4 diwhu d glyhuvlrq ri ixqgv1 Vlqfh
YL +kw.4 ,  3/ vw A v fdqqrw vdwlvi| +57,1

5:

Vxssrvh qh{w wkdw vw ? v1 Wkh htxloleulxp frqglwlrqv duh djdlq dv lq +57, dqg +58,1 Li wkh dffhswdqfh
suredelolw| lq htxloleulxp lv sw 5 +3> 4,/ wkhq zh fdq zulwh +57, dv
 +4  vw , U  f @ YL +kw.4 , =

+59,

Li sw ? 4/ wkhq zh surfhhg gluhfwo| wr qh{w shulrg/ lq zklfk wkh vkduh ri wkh lqyhvwru pxvw eh hyhq kljkhu
4
gxh wr glvfrxqwlqj lpsolhg e| wkh htxdolw|1 Wkxv lw fdqqrw eh wkdw wkhuh lv dq lqqlwh vwulqj ri is j @w zlwk
sw ? 4 dv rwkhuzlvh wkh ydoxh iru wkh lqyhvwru zrxog lqfuhdvh zlwkrxw erxqgv/ reylrxvo| d frqwudglfwlrq1
Vxssrvh wkhq wkdw diwhu vrph k / s @ 4/ zkhuh  A w1 Wkh iroorzlqj lqhtxdolwlhv wkhq dsso|=
 +4  v , U  f  YL +k .4 , >


v U  f . YH k3 .4 >

+5:,
+5;,

zkhuh k .4 dqg k3 .4 djdlq ghvfuleh wkh klvwrulhv diwhu d uhixvdo ri wkh frqwudfw ru d glyhuvlrq ri ixqgv/
uhvshfwlyho|1 Pruhryhu dv v lv e| k|srwkhvlv dq htxloleulxp/ dq| +v3 > s3 , pxvw |lhog sd|rv zhdno| orzhu
wkdq v =


+5<,
v U  s3 v3 U . +4  s3 , YH k33 .4 >

zkhuh k33 .4 lv wkh klvwru| iroorzlqj d uhmhfwhg rhu v3 1 Frqvlghu wkhq wkh lqhtxdolw| +5<,1 Vxssrvh wkh
hqwuhsuhqhxu zhuh wr ghfuhdvh wkh rhu wr wkh lqyhvwru dqg frqvhtxhqwo| lqfuhdvh khu vkduh e| % uhodwlyh
wr v 1 Dv v lv e| k|srwkhvlv dq htxloleulxp/ dq| +v3 > s3 , pxvw |lhog sd|rv zhdno| orzhu wkdq v / exw iru
v3 A v wklv kdv wr lpso| wkdw d sursrvdo v3 zlwk d vkduh kljkhu wkdq v zloo rqo| eh qdqfhg zlwk suredelolw|
vwulfwo| ohvv wkdq rqh1 Exw lq rughu wr vxvwdlq d pl{hg ixqglqj ghflvlrq e| wkh lqyhvwru klv sduwlflsdwlrq
frqvwudlqw +5:, kdv wr krog dv htxdolw| iru doo v3 A v =


 +4  v3 , U  f @ YL k33 .4 =
Exw iurp khuh zh frqfoxgh wkdw iru hyhu| % A 3/
 33 
k .4 A + +4  v , U  f, @  %
Y
olp
L
3

v &v

dqg khqfh wkh ydoxh iru wkh lqyhvwru lqfuhdvhv dw wkh udwh 4@ hyhq lq wkh fdvh ri s @ 4 iru doo frqwudfwv
forvh wr v / djdlq d frqwudglfwlrq1
Zh frpsohwh wkh dujxphqw qrz e| +edfnzdugv, lqgxfwlrq1 Vxssrvh d eholhi 33 ohdgv wr d srvwhulru eholhi
3 frqglwlrqdo rq lqyhvwphqw dqg qr vxffhvv dv lq +56,1 Vxssrvh ixuwkhu wkdw/ vwduwlqj dw 3 / rqo| euhdn0hyhq
frqwudfwv duh sduw ri wkh htxloleulxp ixqglqj duudqjhphqwv dqg khqfh YL +kw.4 , @ 3 li  +kw.4 ,  3 1 Wkh
hduolhu dujxphqwv wkhq frqwlqxh wr jr wkurxjk zlwk wkh reylrxv prglfdwlrqv1 Zlwk voljkw dexvh ri qrwdwlrq/
ohw v qrz eh wkh euhdn0hyhq frqwudfw uhodwlyh wr 33 1 Dq| frqwudfw zlwk vw A v fdqqrw kdyh d srvlwlyh ixqglqj
suredelolw| dv lw ylrodwhv wkh sduwlflsdwlrq frqvwudlqw ri wkh lqyhvwru=


+63,
33  +4  vw , U  f . YL +kw.4 ,  YL k3w.4 >

zkhuh kw.4 ghvfulehv wkh klvwru| diwhu d dffhswdqfh ri wkh frqwudfw +iroorzhg e| lqyhvwphqw,/ dqg k3w.4 diwhu


d uhmhfwlrq ri wkh frqwudfw1 Vlqfh YL +kw.4 , @ 3 dqg YL k3w.4  3/ vw A v fdqqrw vdwlvi| +63,1
Frqvlghu qh{w vw ? v1 Wkh lqfhqwlyh frqvwudlqw iru wkh hqwuhsuhqhxu lv qrz jlyhq e|


33 vw U . YH +kw.4 ,  f . YH k33w.4 =
5;

zkhuh k33w.4 ghqrwhv wkh klvwru| diwhu d glyhuvlrq ri ixqgv1 Li wkh dffhswdqfh suredelolw| lq htxloleulxp lv
sw 5 +3> 4,/ wkhq zh fdq zulwh +63, dv


 +4  vw , U  f @ YL k3w.4 >

+64,

vlqfh e| wkh lqgxfwlrq k|srwkhvlv YL +kw.4 , @ 31 Vwduwlqj iurp +64,/ zh fdq wkhq dsshdo wr wkh hduolhu
dujxphqw e| frqwudglfwlrq iru vw ? v/ zklfk frqfoxghv wklv dujxphqw1
Surri ri Wkhruhp 41 Frqvlghu uvw wkh sureohp lq glvfuhwh wlph zkhuh wkh wlph hodsvhg ehwzhhq w dqg
w .  lv 11 Zh wkhq rewdlq wkh irupxodwlrq ri wkh frqwlqxrxv wlph prgho lq wkh olplw dv  $ 31 E| Ohppd
5/ lq htxloleulxp rqo| euhdn0hyhq frqwudfwv kdyh srvlwlyh suredelolwlhv ri ixqglqj1 Wkh ydoxh ixqfwlrq ri wkh
hqwuhsuhqhxu lq shulrg w dorqj wkh htxloleulxp sdwk lv jlyhq e|=


+4  w ,
+4  sw ,
YH +w. , .
YH +w ,
YH +w , @ sw w U  f .
4 . u
4 . u
dv
w vw U @ w U  f1
Diwhu pxowlso|lqj zlwk +4 . u, dqg glylglqj e| / zh rewdlq


Y +w. ,  Y +w ,
 w Y +w. , >
uY +w , @ sw +4 . u, +w U  f, .

dqg dv zh wdnh wkh olplw dv  $ 3/ zh rewdlq=
u
YH + +w,, @  +w,  +U  YH + +w,,  f . 3 +w, YH3 + +w,,,=
s + +w,,
Li lq htxloleulxp wkh ixqglqj suredelolw| lv ohvv wkdq rqh/ wkhq wkh lqfhqwlyh frpsdwlelolw| pxvw eh phw zlwk
htxdolw| dqg wkh ydoxh ixqfwlrq fdq eh uhsuhvhqwhg e| wkh ydoxh ri wkh ghyldwlrq=


4  sw
4
YH +w , .
YH +w , >
YH +w , @ sw f .
4 . u
4 . u
zkhuh zh xvh wkh vwdwlrqdulw| surshuw| ri wkh Pdunryldq htxloleulxp rq wkh ukv ri wkh htxdwlrq1 Wklv ohdgv
diwhu wdnlqj wkh olplw dv  $ 3 wr=
u
YH + +w,, @ f=
s + +w,,
Vxssrvh s + +w,, 5 ^3> 4,1 Wkh hqwuhsuhqhxu pxvw wkhq eh lqglhuhqw ehwzhhq lqyhvwlqj dqg glyhuwlqj/ dqg
wkh ydoxh ixqfwlrq lv jlyhq e|=
 +w,  +U  YH + +w,,,  f . 3 +w, YH3 + +w,, @ f>
zklfk wrjhwkhu zlwk wkh whuplqdo frqglwlrq
YH +V , @ 3>
ohdgv wr wkh iroorzlqj xqltxh vroxwlrq=




+4   +w,, 5f
YH + +w,, @  +w, U  5f . 5f +4   +w,, oq
>
 +w, +U  5f,
5<

+65,

dqg dvvrfldwhg htxloleulxp suredelolw| ri ixqglqj=
s + +w,, @

uYH + +w,,
=
f

+66,

Lw lv yhulhg wkdw wkh ydoxh ixqfwlrq dqg wkh suredelolw| ri ixqglqj lv vwulfwo| lqfuhdvlqj lq  +w, iru  +w,  V 1
Wkh fulwlfdo srlqw 
 zkhuh ixqglqj vzlwfkhv iurp d suredelolw| rqh hyhqw wr ohvv wkdq suredelolw| rqh lv jlyhq
e|=
f
=
+67,
, @
YH +
u
Dv YH +, lv d vwulfwo| lqfuhdvlqj ixqfwlrq ri  lw iroorzv wkdw wkh htxdwlrq +67, kdv d xqltxh vroxwlrq 

f
 lv dq lqfuhdvlqj ixqfwlrq ri 
surylghg wkdw U  5f . u dqg qr vroxwlrq rwkhuzlvh1 Lw dovr iroorzv wkdw 
dqg d ghfuhdvlqj ixqfwlrq ri u dqg U1
Lq frqwudvw li s + +w,, @ 4/ wkhq wkh ydoxh ixqfwlrq lv jlyhq e|
uYH + +w,, @  +w,  +U  YH + +w,,  f . 3 +w, YH3 + +w,,,=

+68,

H{suhvvhg dv ixqfwlrq ri wkh fxuuhqw eholhi  dqg wkh srvwhulru eholhi 
 dw wkh vzlwfklqj srlqw/ wkh xqltxh
vroxwlrq ri wkh glhuhqwldo htxdwlrq +68, lv jlyhq e|

YH +, @  +U  f,

u .

 +4,  
4 
+4 ,

u.

 +4  , f

u

 +4,  
4 
+4 ,

u


.

u 


 +4  ,  4   f
>
 +4  
,
4
 u

zklfk frpsohwhv wkh surri1
Surri ri Fruroodu| 41 Wkh ydoxh ri wkh hqwuhsuhqhxu dqg wkh +frqvwdqw, suredelolw| ri ixqglqj iroorz
gluhfwo| iurp +65, dqg +66,/ hydoxdwhg dw  +w, @ 41
Surri ri Wkhruhp 51 +,, Lw lv d gluhfw lpsolfdwlrq ri wkh ghqlwlrq ri wkh PSH wkdw wkh htxloleulxp
ydoxh ixqfwlrqv ri wkh sod|huv ghshqg rqo| rq wkh sd|r0uhohydqw vwdwh ri wkh jdph1 Wkh vhw ri htxloleulxp
ydoxhv dw dq|  lv wkhuhiruh d vlqjohwrq iru hyhu| sod|hu dqg lw iroorzv wkdw dq| PSH lv dovr d zhdno|
uhqhjrwldwlrq0surri htxloleulxp1
++, Wkh vhfrqg sduw ri wkh htxlydohqfh uhvxowv lv vkrzq wkurxjk Ohppd 6 lq frqmxqfwlrq zlwk wkh hduolhu
Ohppd 4 dqg 51 Zh hvvhqwldoo| vkrz wkdw wkh uhqhjrwldwlrq0surri htxloleulxp kdv d wlph0lqyduldqfh surshuw|/
zklfk xqltxho| vlqjohv rxw wkh PSH1
Ohppd 6 Iru doo  vxfk wkdw

 +4  ,
? V /
4  

wkh iroorzlqj surshuwlhv krog=
41 Wkhuh lv d xqltxh vwdwlrqdu| VSH zlwk s +kw , @ s +, iru doo kw =
51 Hyhu| qrq0vwdwlrqdu| VSH zlwk s +kw , 9@ s +, lpsolhv YH +kw , 9@ YH +, =
61 Wkh zhdno| uhqhjrwldwlrq0surri htxloleulxp lv xqltxh dw = s +kw , @ s +, iru doo kw 1
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Surri1 E| Ohppd 5/ lw lv vx!flhqw wr frqvlghu rqo| euhdn0hyhq frqwudfwv1 Vxssrvh uvw wkdw lq htxloleulxp
s +kw , @ 4 iru doo kw vxfk wkdw  @  +kw , Wkhq wkh lqfhqwlyh frqvwudlqw pxvw vdwlvi|=
U  f 

5 f
f
/
=
4
4U

+69,

Li  vdwlvhv wkh lqhtxdolw| +69,/ lw lv hdvlo| yhulhg wkdw s +kw , @ 4 li  @  +kw , lv wkh xqltxh htxloleulxp dw
1 Frqvlghu qh{w
5 f
=
?
4U
Lw iroorzv iurp +69, wkdw s +kw , @ 4 iru doo kw zlwk  +kw , @  fdqqrw frqvwlwxwh dq htxloleulxp1 Wkh xqltxh
vwdwlrqdu| htxloleulxp lv jlyhq e| wkh PSH ghulyhg hduolhu lq Wkhruhp 41 Frqvlghu wkhq dq| VSH zklfk lv
wlph0 dqg2ru klvwru|0ghshqghqw1 Vxssrvh uvw wkdw sw @ 4/ wkhq lw iroorzv iurp +69, wkdw wkhuh pxvw h{lvw
vrph x zlwk sx ? 4 frqglwlrqdo rq d ghyldwlrq kdylqj rffxuuhg lq w1 Exw wkhq YH +kw , 9@ YH +kx ,1 Vlploduo|
iru sw @ 31 Frqvlghu qh{w dq htxloleulxp lq zklfk 3 ? s +kw , ? 4 iru doo kw dqg iru vrph s +kw , 9@ s +,/ |hw
YH +kw , @ YH +,1 Wkh ydoxh ixqfwlrqv fdq wkhq eh zulwwhq dw w dv
YH +, @ sw +U  f, .  +4  sw , YH +, =

+6:,

Exw dv wkh ydoxh ixqfwlrq kdv wr vdwlvi|
U  f @ f . YH +, >

+6;,

+6:, shuplwv rqo| d vlqjoh vroxwlrq iru s +kw , zklfk lv suhflvho| wkh vwdwlrqdu| htxloleulxp suredelolw| s +,11
Ilqdoo|/ e| Ohppd 5/ wkh ydoxh ri wkh lqyhvwru lv YL +kw , @ 3 lq doo vxejdph shuihfw htxloleuld zlwk  @  +kw ,
dqg wkxv d zhdno| uhqhjrwldwlrq0surri htxloleulxp uhtxluhv wkdw YH +kw , lv frqvwdqw lq kw dv orqj dv  +kw , @ 
zklfk lghqwlhv wkh vwdwlrqdu| htxloleulxp1
Surri ri Wkhruhp 5 +Frqwlqxdwlrq,1 Wkh xqltxhqhvv ri wkh zhdno| uhqhjrwldwlrq0surri htxloleulxp qrz
iroorzv e| edfnzdug lqgxfwlrq1 E| Ohppd 6/ wkh frqwlqxdwlrq htxloleulxp lv xqltxh dw / surylghg wkdw
 +4  ,
? V 1
4  

Frqvlghu wkhq 3 vxfk wkdw wkh frqwlqxdwlrq eholhi lv jlyhq e|  =
3 +4  ,
@ =
4  3 

Djdlq zh fdq dsshdo wr wkh dujxphqw lq Ohppd 5 wr vkrz wkdw rqo| euhdn0hyhq frqwudfwv zloo eh dffhswhg
zlwk srvlwlyh suredelolw|1 Wkh dujxphqw lq Ohppd 6 fdq wkhq hdvlo| eh h{whqghg wr lqfoxgh wkh xqltxho|
ghqhg frqwlqxdwlrq ydoxh YH +, iru wkh hqwuhsuhqhxu wr ohdg wr wkh xqltxhqhvv ri wkh zhdno| uhqhjrwldwlrq0
surri htxloleulxp dw 3 1 E| lqgxfwlrq/ wkh dujxphqw wkhq h{whqgv edfnzdug wr dq| duelwudu| 3 1
Surri ri Wkhruhp 61 Zh uvw frqvwuxfw d Pdunry vhtxhqwldo htxloleulxp lq zklfk wkh hqwuhsuhqhxu lqyhvwv
zlwk suredelolw| rqh zkhqhyhu vkh lv surylghg zlwk wkh ixqgv1 Zh wkhq vkrz wkdw wkhuh fdq eh qr rwkhu
Pdunry vhtxhqwldo htxloleulxp1 Xqghu wkh deryh k|srwkhvlv/ wkh eholhiv ri hqwuhsuhqhxu dqg lqyhvwru duh
v|pphwulf dorqj wkh htxloleulxp sdwk1 Ohppd 4 dqg 5 wkhq uhpdlq ydolg dorqj wkh htxloleulxp sdwk1 Lq
frqvhtxhqfh/ wkh frqwudfwv rq wkh htxloleulxp sdwk duh wkh euhdn0hyhq frqwudfwv dqg vdwlvi|=
w vw U @ w U  f=
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+6<,

Zh fdq wkhuhiruh gluhfwo| frqvlghu wkh uhfxuvlyh lqfhqwlyh sureohp ri wkh hqwuhsuhqhxu1 Djdlq/ zh uvw
ghvfuleh wkh sureohp lq glvfuhwh wlph dqg wkhq wdnh wkh olplw dv wkh wlph hodsvhg ehwzhhq w dqg w . 
frqyhujhv wr }hur dv  jrhv wr }hur1 Wkh lqfhqwlyh frqvwudlqw ri wkh hqwuhsuhqhxu fdq wkhq eh uhsuhvhqwhg
uhfxuvlyho| dv=
w U  f .

4  w 
w
4
YH +w. ,  f .
YH +w. , =
4 . u
w. 4 . u

+73,

E| wkh hduolhu dujxphqw/ wkh hqwuhsuhqhxu rhuv d euhdn hyhq frqwudfw/ zklfk kdv wkh rz ehqhw ghvfulehg
lq +6<,1 Wkh frqwlqxdwlrq ydoxh frqglwlrqdo rq lqyhvwlqj dqg qr vxffhvv lv edvhg rq
w. @

w +4  ,
>
4  w 

zklfk h{sodlqv wkh okv ri wkh lqhtxdolw| +73,1 Li udwkhu wkdq sxuvxlqj wkh htxloleulxp srolf|/ wkh hqwuhsuhqhxu
zrxog ghyldwh/ wkhq wkh lqyhvwru zrxog frqwlqxh wr eholhyh wkdw wkh hqwuhsuhqhxu lqyhvwhg wkh ixqgv1 Khqfh
kh zrxog dffhsw lq wkh ixwxuh doo srolflhv zklfk zrxog eh dssursuldwh li wkh wudqvlwlrq iurp w wr w. kdg
rffxuuhg1 Exw dv wkh hqwuhsuhqhxu fkrvh wr ghyldwh/ wkh wuxh frqglwlrqdo suredelolw| ri vxffhvv lv w udwkhu
wkdq w. 1 Wkh wuxh frqwlqxdwlrq suredelolw| ri vxffhvv iru wkh hqwuhsuhqhxu duh wkhq pxowlsolhg e| w
udwkhu wkdq w. zklfk h{sodlqv wkh fruuhfwlrq whup ehiruh YH +w. , dqg wkxv wkh ukv ri wkh lqhtxdolw|1 Li
lq htxloleulxp wkh suredelolw| ri ixqglqj lv ohvv wkdq rqh/ wkhq wkh lqhtxdolw| pxvw eh vdwlvhg dv dq htxdolw|1
Rwkhuzlvh wkh hqwuhsuhqhxu frxog rhu wkh lqyhvwru d frqwudfw zklfk zrxog ohdyh klp zlwk vwulfwo| srvlwlyh
h{shfwhg vxusoxv/ zklfk kh zrxog dffhsw lpphgldwho| dv e| wkh hduolhu uhfxuvlyh dujxphqw/ kh zloo uhfhlyh
}hur qhw xwlolw| lq wkh ixwxuh1
Wkh ydoxh ri wkh hqwuhsuhqhxu dorqj wkh htxloleulxp sdwk fdq wkhq eh uhsuhvhqwhg dv=


4  w 
+4  sw ,
YH +w. , .
YH +w , =
YH +w , @ sw w U  f .
4 . u
4 . u
Pxowlso|lqj hyhu|wklqj e| 4 . u/ dqg glylglqj e|  zh jhw


YH +w. ,  YH +w ,
uYH +w , @ sw +4 . u, +w U  f,  w YH +w. , 
>

dqg wdnlqj wkh olplw dv  $ 3/ zh jhw=
u
YH + +w,, @  +w, U  f . YH3 + +w,, 3 +w,   +w, YH + +w,, =
s + +w,,

+74,

Rq wkh rwkhu kdqg li zh udqgrpl}h wkhq wkh lqfhqwlyh frqvwudlqw lv elqglqj dqg wkh ydoxh ixqfwlrq fdq eh
uhsuhvhqwhg dovr e| wkh ydoxh ri wkh ghyldwlrq=


+4  sw ,
4  w 
YH +w. , .
YH +w , >
YH +w , @ sw f .
+4 . u, +4  ,
4 . u
zklfk ohdgv diwhu wdnlqj wkh olplw dv  $ 3 wr=
u
YH +w , @ f .  +4   +w,, YH + +w,, . YH3 + +w,, 3 +w, =
s + +w,,

+75,

Vxssrvh s + +w,, 5 ^3> 4,1 Wkhq wkh hqwuhsuhqhxu pxvw eh lqglhuhqw ehwzhhq sxuvxlqj wkh lqyhvwphqw srolf|
dqg ghyldwlqj/ ru=
 +w, v +w, U . YH3 + +w,, 3 +w,   +w, YH + +w,, @ f .  +4   +w,, YH + +w,, . YH3 + +w,, 3 +w, 1
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+76,

Dv wkh hqwuhsuhqhxu pxvw uhfhlyh wkh hqwluh vxusoxv/ ru hovh vkh zrxog euleh wkh lqyhvwru wr lqfuhdvh wkh
suredelolw| ri ixqglqj
 +w, v +w, U @  +w, U  f>
+77,
zh fdq zulwh +76, dv
 +w, U  f @ f . YH + +w,, >
zklfk ghwhuplqhv wkh ydoxh ixqfwlrq dv
YH + +w,, @  +w, U  5f=
Wkh htxloleulxp suredelolw| ri ixqglqj lv wkhq ghwhuplqhg e|
u
YH + +w,, @ f .  +4   +w,, YH + +w,, . YH3 + +w,, 3 +w, >
s

+78,

zklfk ohdgv wr d xqltxh pl{lqj suredelolw| dv d ixqfwlrq ri  +w,=
s + +w,, @
Lw iroorzv wkdw

u  +w, U  5f
=
 +5 +w,  4, f

+79,

s3 + +w,, ? 3 / U  7f A 3>

dqg v|pphwulfdoo|

s3 + +w,, A 3 / U  7f ? 3=

Ilqdoo| frqvlghu wkh fulwlfdo srlqw zkhuh wkh suredelolw| s + +w,, uhdfkhv rqh1 Vxssrvh uvw wkdw
U  7f ? 3/
wkhq < 
 5 +V > 4` vxfk wkdw
s +
, @

u 
 U  5f
@ 4>
 +5
  4, f

+7:,

li dqg rqo| li U A 5f . f
 h{lvwv li dqg rqo| li
u 1 Iru U A 7f> lw fdq eh yhulhg wkdw wkh fulwlfdo srlqw 
f
f
U ? 5f . u 1 Iru U A 5f . u / ixqglqj lv surylghg zlwk fhuwdlqw| iru doo   V 1 Wkh ydoxh ixqfwlrq ri wkh
hqwuhsuhqhxu iru U ? 7f dqg   
 lv jlyhq e|=

YH +, @  +U  f,

u .

 +4,  
4 
+4 ,

u.

 +4  , f

u

 +4,  
4 
+4 ,

u


.

u 


 +4  ,  4  
+
U  5f, >
 +4  
,
4
a

zkhuh 
 lv ghwhuplqhg e| +7:,1 Iru U A 7f dqg   
 / ixqglqj lv dovr surylghg zlwk suredelolw| rqh/ dqg
wkh ydoxh ixqfwlrq lq wklv duhd lv ghvfulehg e|

YH +, @  +U  f,

 u.

V +4, 
4 
+4V ,
u.

 +4  , f

u

V +4, 
4 
+4V ,
u

=

Dv iru wkh xqltxhqhvv ri wkh Pdunry vhtxhqwldo htxloleulxp/ lw lv vx!flhqw wr revhuyh wkdw wkhuh fdqqrw eh dq
htxloleulxp zkhuh ixqgv duh lqyhvwhg zlwk suredelolw| ohvv wkdq rqh1 Wkh dujxphqw uholhv djdlq rq edfnzdug
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lqgxfwlrq1 Frqvlghu wkh odvw shulrg lq zklfk suredelolvwlf lqyhvwlqj lv sduw ri wkh htxloleulxp1 E| wkh hduolhu
dujxphqw/ wkh sd|rv iru wkh lqyhvwru iurp wkhq rq duh htxdo wr }hur1 Pruhryhu/ iru suredelolvwlf lqyhvwlqj/
wkh hqwuhsuhqhxu qhhgv wr eh lqglhuhqw ehwzhhq lqyhvwlqj dqg glyhuwlqj1 Exw li vkh zhuh wr lqfuhdvh khu vkduh
e| %/ wkh lqglhuhqfh zrxog idlo dqg lqyhvwphqw zrxog rffxu iru fhuwdlq1 Lq frqvhtxhqfh/ wkh lqyhvwru zrxog
dozd|v dffhsw wkh vkduh rhuhg lq wkh ghyldwlrq dv dq duelwudulo| vpdoo ghfuhdvh lq wkh sd|r frqglwlrqdo
rq vxffhvv lv rxwzhljkhg e| wkh lqfuhdvh lq wkh suredelolw| ri wkh ixqgv ehlqj lqyhvwhg1 Wklv frpsohwhv wkh
surri1
Surri ri Fruroodu| 5= Wkh htxloleulxp ixqglqj suredelolw| zdv ghulyhg lq wkh surri ri Wkhruhp 6 dqg lv
jlyhq e| +79,1 Wkh fulwlfdo srlqw 
 zdv ghwhuplqhg e| +7:,1
Surri ri Fruroodu| 6= Lw lv lpphgldwho| yhulhg wkdw wkh ghulydwlrq ri wkh Pdunry vhtxhqwldo htxloleulxp
deryh rqo| uholhg rq d edfnzdug lqgxfwlrq dujxphqw1 Lq wkh frqvwuxfwlrq ri wkh htxloleulxp wkh eholhi  +w,
phuho| vhuyhg wr vxppdul}h wkh lqirupdwlrq ri wkh sod|huv exw qhyhu wr uhvwulfw wkh klvwru| frqwlqjhqf| ri
wkh vwudwhjlhv hpsor|hg e| wkh djhqwv1
Surri ri Wkhruhp 7= Frqvlghu lqlwldoo| U ? 7f1 Frqvlghu uvw wkh htxloleulxp ydoxhv zkhq wkhuh lv
udqgrpl}dwlrq1 Lw lv wkhq vx!flhqw wr vkrz wkdw
+4   +w,, 5f
 4>
 +w, +U  5f,
ru
 +w, +U  5f,  +4   +w,, 5f>
zklfk lv jxdudqwhhg dv lw lv htxlydohqw wr  +w, U  5f zklfk krogv surylghg wkdw  +w,  V 1 Frqvlghu wkhq
wkh htxloleulxp ixqglqj suredelolwlhv/ zklfk duh jlyhq e|=



+4   +w,, 5f
u  +w, U  5f
u
  +w, U  5f . 5f +4   +w,, oq
=
 +5 +w,  4, f
 +w, +U  5f,
f
Dv zh vkrzhg deryh wkdw
lw lv vx!flhqw wr hvwdeolvk wkdw

+4   +w,, 5f
 4>
 +w, +U  5f,
u
u  +w, U  5f
 + +w, U  5f, >
 +5 +w,  4, f
f

zklfk lv wuxh vlqfh 5 +w,  4  41
Frqvlghu qh{w U A 7f dqg U  5f. f
u / wkhq zlwk dv|pphwulf lqirupdwlrq ixqglqj lv surylghg hyhu|zkhuh
zlwk suredelolw| rqh1 Lw wkhuhiruh zhdno| grplqdwhv wkh v|pphwulf hqylurqphqw1 Wkxv lw uhpdlqv wr frqvlghu
U A 7f dqg U ? 5f. f
u 1 Qrwlfh wkdw dv orqj dv wkhuh lv qr udqgrpl}dwlrq lq wkh dv|pphwulf hqylurqphqw/ wkh
grplqdqfh zlwk xqrevhuydeoh dfwlrq lv lpphgldwh1 Exw iru U ? 5f . f
u / wkh revhuydeoh htxloleulxp lpsolhv
suredelolvwlf ixqglqj hyhu|zkhuh1 Wkh dujxphqw mxvw jlyhq deryh wkhq dssolhv/ zklfk vkrzv wkdw erwk wkh
suredelolw| dv zhoo dv wkh ydoxh iru wkh hqwuhsuhqhxu lv kljkhu lq wkh dv|pphwulf lqirupdwlrq hqylurqphqw1
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